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I. INTRODUCTION

The contract N00019-77-C-0127 was awarded to the University of Illinois E
- by the Naval Air Systems Command for "Mutual Admittance Between Slots on a
Cylinder or Cone" for a one-year period, 16 November 197¢ to 15 November 1977.

Mr. J. Willis of AIR-310B is the contract monitor. '

This is the final report for the contract, covering personnel (section II),
technical results (section III and attachments), publications and presentations

(section 1IV).

The attachments have their own pagination. The report is page numbered in lower
left-hand and right-hand corners.
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III. TECHNICAL RESULTS

In the design of a slot array on a conformed surface, a most important
parameter is the mutual admittance le between two slots. In the present

contract, we have studied the following problems about Y

12°

(a) When the conformal surface is a conducting cylinder, a GID solution

of’Y12 has been successfully developed. It applies to cylinders with radius

greater than one wavelength, and gives excellent numerical results (error is

F within 0.25 dB in magnitude and several degrees in phase). Details are given

in Attachment A.

(b) For the slot array on a cylinder, a simple approximate solution of
- le is derived. It is generally valid when the separation between the slots

is greater than two wavelengths (Attachment B).

(¢) The GTD solution described in (a) has been generalized, so that it
now can be used to calculate le between slots on a general convex conducting
surface. In particular, it was applied to slots on a cone, and the numerical

results of le are in good agreement with the experimental results (Attachment

c).
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E 1. INTRODUCTION

2ies

k- In the design of a conformal slot array on the surface of a

223

conducting cylinder, the calculation of the mutual admittance le

TR AL

is a crucial step, which has been studied extensively in recent years.

In this paper, we summarize, in a handbook format, all of the final E

formulas of le, and present some typical numerical data. :
: 2. STATEMENT OF PROBLEM B

Referring to Figure 1, two identical slots, circumferential or

- axial, are located on the surface of an infinitely long cylinder. The %

5 é geometrical parameters are 4
: R = radius of the cylinder (2.1} 4

(a,b) = dimensions of the slot along (¢,2z) directions (a is

the arc length along the cylinder) (2.2)

(zo,R¢O) = center-to-center distances between slots (2.3)

/2 2
50 V%o + (R¢0) (2.4)

-1 3
8. = tan (zO/R¢0) (2.5) 3

0
The problem is to determine the mutual admittance between these two 3

; slots when kR is large.

e b e e
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(o) CIRCUMFERENTIAL SLOTS (b) AXIAL SLOTS

Figure 1, Two identical slots on the surface of a cylinder. a
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First let us define mutual admittance. Throughout this work

!
|
!
i

we always assume that

(1) the slots are thin, and (2.6a) |

’ (i1) their length is roughly a half-wavelength. (2.6b)

Then the aperture field in each slot can be adequately approximated by
a simple cosine distribution, which is the so-called "one-mode" approximation. ;

For example, if slot 1 is a circumferential (lower slot in Figure la),

its aperture field under the "one-mode" approximation is given by

e e deiing

(exp + jut time convention)

-+ -+ -> L4 ,i&
E= Vle1 s H Ilhl (2.7a) | %
vhere 9
‘ > g
¥ -+ al2 m - - >
4 e1- z -a—l;-cos;y . hlnxx el (2.7b) §
7. ;
: : . y= R¢ . (2.70) é
2 : (Vl’Il) are respectively the modal (voltage, current) of slot 1. The %
l mutual admittance le is defined by %
{ 1 ! ?
: .y wo2l o
where 121 is the induced current in slot 2 when slot 1 is excited by i
. ¥
%
4 a voltage Vl and slot 2 is short-circuited. An alternative expression §
% for le is :
; 1 > . >
: Yo " Ty “ B, x B + ds, (2.9) ;
12 /a, 1
where ;
Az = aperture of slot 2 E
4
ﬁl = magnetic ficld when slot 1 is excited with voltage Vl’ and ;
slot 2 is covered by a perfect conductor
Ez = electric field when slot 2 is excited with voltage Vz, and
: slot 1 is covered by a perfect conductor.
: 3 £
i
-




L R s
5 v i 2

> > >
Because Hl = 121§2 and EZ = Vzez, it is a simple matter to verify that
(2.8) and. (2.9) are equivaient [1].

There is an alternative definition of mutual admittance. Instead
of (2.7), a modal voltage Vi (with a bar) may be defined through the

expression for the aperture field of slot 1 as follows:

Taoly I ‘
E=2z b Vl cos — y (2.10a)
or equivalently
= b/2 -
V1 = (z ')y=0 dz . (2.10b)
-b/2

Then a different mutual admittance ?12 is defined by (2.9) after replacing

(Vl,Vz) by (Vl;vz). It can be easily shown that

ol a
Yy "% Y12 (2.11)

Two remarks are in order: (i) In the limiting case that b » 0, qu goes

to zero as b , whereas ?12 approaches a constant independent of b,

(i1) For the special case a = A/2 and R » », it is Y. that is

12
jdentical to the mutual impedance le between two corresponding dipoles

calculated by the classical Carter's method [2], [3], [4]. (iii) When
the slots are excited by waveguides (transmission lines), one often uses

le (le). From here on, we will concentrate on le instead of le.

The mutual admittance defined in (2.8) and (2.9) includes the self
admittance Yll as a special case which occurs when two slots coincide.

(All the formulas of le given in this paper, except for the one in

Section 4, can be used for calculating Y., by setting ¢0 + 0 and 2y 0.)

11
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3. EXACT HUGHES (GSP) MODAL SOLUTION

Once the one-mode approximation in (2.7) is accepted, le can be

determined exactly in terms of cylindrical modal functions, as has been

done by Stewart, Golden, and Pridmore-Brown [5], [6]. The final result

reads:

Circumferential slots

00 -3 -j(ln¢ +k 2z )
o= | @k T wmigomee 0 20 (3.1
where 9
‘ ab sin (kzb/2) sin (m¢a + 7/2) sin (m¢_ - n/2) 2
W(m:kz) = 7 P * ¥ /2 + 2 } (3'2)
81°R  (k,b/2) (mo, + 7/2) (md, - /2)
$, = (a/2R) §
2)' .
e B Ry fme xoog(® :
Glmk,) = Yol ~fgy——+ i"zji *® '?2).&‘” : (3.3)
ST XY RIS ]
%
7.2 . ‘
- k; , 1 K2k,
k, = . :
3 A ik (3.4)
Axial slots .
¥, = J dk, mZ-w ¢(m,k,) F(m,kz)e-j(m¢0 + k2 (3.3) :
where 1
; sin(mé ) ?
: ¢(m’kz) = %% W)—é . COS(;z(b/Z) 2 (3.6) :
a (k,b/2)" - (n/2)% ;
(2) |
k, H ""(k_R)
Fmk ) =Y ——-B__t° 3.7
'z 0 ik _(2)" +7)
Hm (ktR) 17
5 - y
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This solution is suitable for numerical calculation if (i) z, < b for
circumferential slots, and 24 < a for axial slots) (ii) kR is less than
20, and (iii) the medium is slightly lossy so that k has a small

(negative) imaginary part. Based on this solution, extensive numerical

results have been reported by Hughes Aircraft Company at Culver City

(71, (8], [9].
4, EXACT UL MODAL SOLUTION

Under the one-mode approximation, another exact modal solution is
given in [10]. This solution is derived from the Hughes (SGP) solution
in Section 3 by a deformation of integration contour and an application

of the Duncan transform [11]. THe final result reads

Circumferential slots

\'12 = G+ jb

33 COs g .
G = j e cos ko oop(ey ko )RGa k) dk
0 10 ('m z 0 ¢ b H

@ oS m®0 k
B = T -JO R(m,kz)u;(m,kz) sin kzzo dk?

m'-:() m
© -nzo At
+I R(m, jn)i(m,Jn)e dn) .
0
where
2
N nk
Rni,) = piig s g v | g '1”“:'?'1"{ TP
t t IR \ ) X" Lk R)
t m
2,00 0 1? _—
hln(/‘) £ Jm(X) b Ym(X)
S Y
“m(x) i Jm (x) - \m (x)
2, m=0
n 1, m#0
18 6

(4.1a)

(4.1b)

(4.1c)

(4.2)

(4.3)

(4.4)

(4.5)
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w(m,kz) is defined in (3.2) and kt in (3.4)

@ Axial slots

.
E 8Y0 ® cos mp, k -ik z dkz

. i le = TR —_ °(m,kz)e z 0 - T

e m=0 “m 0 N (k R)

. . mot

% ® z dn :
i + j J ¢(m,jn)e-n 0 4.7
9 i 0 20, /2 . .2

No(r W +k

. m
ﬁé where ¢(m,kz) is defined in (3.6)

3

% This solution is valid only if 2 > b for circumferential slots and

% zo> a for axial slots. It is suitable for numerical calculation if

l kR is less than 20.

L

5. ASYMPTOTIC SOLUTION

% The two modal solutions given in Sections 3 and 4 are based on

%

; fields in the Fourier transform domain. An alternative calculation of

E le involves the field in the spatial domain, namely,

% Circumferential slots

3 Y, =22 dy.dz dy.dz. [cos * y, }{cos Ly, - Ro.)1g, (5,8)  (5.1)
3 12 ab A 1771 A 2772 a’l a2 077%™

3 1 2

Axial slots

=2 I X, - .
le % IA dyldz1 IA dyzdz2 [cos 5 zll[cos b(z2 zo)]gz(s,e) (5.2)

1 2

3
i
v'g};
»
e
s
%
i
i
2

where (y_,z ) = a typical point in the aperture of slot n (n =1 or 2).
nn

(5.3)

A, = aperture of slot I (5.4)

' s = /(y2 - yl)2 * (zy - 21)2 (5.5)
o = can’lf(zz - 2))/(y, - ¥ (5.6)
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5 % Several versions of the Green's functions g¢ and gz have been approximately ;
: i determined under the condition that kR >> 1. They are iisted as follows: 1
i i 3
o 0SU Asymptotic solution [12] [13] M
g, ™ 6() [v(E) sin’6 + GLIu(E) cos?e] (5.7) i
g, v 6(s) [v(E) cos’8 + GLIu(e) sin%e] (5.8)
b PINY Asymptotic solution [9] [14] ﬁ
: 8, v 6(8) v(®stn’e + L (1 - 3 s1a’0)] 4
3 3
+ f}g sec’8[u(g) - v, (&) sinZG]J (5.9)
| |
1 | g, v G(s) V(&) [cos®6 + Le-s c0s%0) ] (5.10)
E ;
. ; Ul Asymptotic solution [15] )
|
. 2, , 4 A 2001 = 2y 4 oy gin? )
: | gy G(8) (i(a)[sin 8 + 3= co823] + () u(E)[cos™B(1 ~ ) + (2) sin”6] ]
f + j(/z. kR/cosze)-2/3[v'(€) sin26 + (tanae + f;)u'(&) cosZG]J (5.11) T
5 ,
g, = G(s)(v(e)[cosze - L cos20) + (i—s-)u(z)[sinze(l - %{}) + @ cos?e] f
+ 10/2 kR/cos?0) 2 3v! (£)cos®e + (1 + i-;)u'(&)sinZO]J (5.12) ¥
; where 2
; G(s) = 5] ke YO = (120%) (5.13)
; ; £ = (k 00849/2R2)1/38 (5.14)
% S The Fock functions, u, v, etc., can be calculated from the following
E
4 § two representations:
: g For 0 < £ < 0.7
5 20 8
3

ol
BT s
£

P £ Tt C ki pe i

e
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v(g) v 1 - ﬁ R ;_1(;_ KL

w(E) v 1 - f 42 4 3L ¢ | ST ylu 12
viE) v 1+ [’i'- JT/4.3/2 -S. g3 Z.;’.zf edn/4,9/2
v'(E) » 3T /‘ -j3w/4 12 _1

2, 63v1 -jn/4 7/2
& *+ 102 ©
w' () v 3 i TIIALI2 52, 4.'155’; ~3n/4,1/2

For 0.7 < & <

p det!
v(g) = e 34y g1/2 Z (t' ) 1, n

- 4.141 x 1073

6

(5.15)

- 3.701 x 107245  (5.16)

4.555 x 10728 (5.17)

2.485 x 107%8°  (5.18)

- 2,221 x 107%%  (5.19)

(5.20)
n-l
u(e) = 3495 312 Z e-jst" (5.21)
%1 ~jge!
v (6) = d™hys 302 7y n (5.22)
n=]l \
vi(g) s & ITA g 12 ]fl(1 - 32;:;'“)(:'“)”1;1Et n (5.23)
-
u'(g) = d™435 (172 ﬁ; (-3 %-Etn)e-jatn . (5.24)
n=1
where €= Itnlexp(-jw/3) R t'n = It'nlexp(-jﬂ/3), and
n e, e ] n e, e,
1 | 23381 | 1.01879 6 9.02265 8.48849
2 | 4.08795 | 3.24820 7 | 10.04017 9.53545
3 | 5.52056 | 4.82010 8 | 11.00852 | 10.52766
4 | 6.78671 | 6.16331 9 | 11.93602 | 11.47506
5 | 7.99413 | 7.37218 10 | 12.82878 | 12.38479
9
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It has been verified through several hundred numerical examples that the
UI asymptotic solution given above is in excellent agreement (éithin a
quarter db in magnitude and a few degrees in phase) with the exact model
solution for all slot separations (¢0,zo) provided that kR 2 5.,

In using the asymptotic solutions for calculating the self admittance
Yll’ care must be exercised in avoiding the singularity in the Green's

function which occurs at s = 0. A most convenient way to avoid this

4 apparent difficulty is to (i) use a large number of points for the two
surface integrals in (5.1) and (5.2), and (ii) shift slightly the

integration nets for this two surface integrals.

6. EXACT PLANAR SOLUTION

2 In the limit kR + = the Green's function of the UI solution in (5.11)

and (5.12) is reduced to

; 8y ™ G(a)[ain26 + %; @2-3 sinze)(l - %;)] (6.1) -
b g, " G(s)[c0826 + %; (2 -3 cosze)(l - %;)] . 6.2)

When (6.1) and (6.2) are used in (5.1) and (5.2), we obtain the exact

4 solution (under the "one-mode" approximation of course) for two slots

i on an infinitely large, conducting plane.

4 7. APPROXIMATE SOLUTION

s

; Based on the UI asymptotic solution, a simple approximate solution,

oy

is reported in [10], i.e.,

52 e

Circumferential slots

DR Gy e
L)
o it s o o

{
- v, 2 -8 (qh sin 6) cla sin 0)1% 5, . (7.1)
- 12 2 ¢
E 22 10

m@m“"’ﬁs“? XL

EEH
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Axial slots

. _ 8ab 22
Y, - —ii [S(a cos 8) C(b sin 8)])" 8,

where

5 (x) E'sin (kx/2) . C(x) = <08 (kx/2) )
(kx/2) 1- (kx/w)z

The (simplified) Green's functious §¢ and Ez are given by

§¢ - G(s)[v(&)(sin2 0 + %; cos 26) + %; u(g) cos? 9

+ Ju' (£) (Y2 kR cos 6)—2/3 si:n‘0 6]

Ez - G(a)[v(c)(cos2 6 - %; cos 26) + %; u(f) sin? G].

This solution gives an accurate numerical result (within several
percent in magnitude and less than 5° in phase) provided that

kR > 10 and the slot separation is greater than two wavelengths.
8. CONCLUDING REMARKS

Based on extensive numerical data, we conclude that le (including

Yll as a speclal case) can be best calculated by

(1) Hughes modal solution if kR < 5 and 2y is less than the axlal

dimension of the slot,

(i1) UI modal solution if kR < 5 and 2, is greater than the axial

dimension of the slot, and

(111) UI asymptotic solution if kR > S for all slot separations.
If several percents of error are acceptable, the approximate solution
can be used if kR > 10 and the slot separation is greater than two

wavelengths.
11
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(7.4)

(7.5)
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i APPENDIX A: NUMERICAL RESULTS

} By using the formulas of le presented in the text, we have analyzed -

8,07

the following 6 slots:

o v

§ Slot Type Dimension Suggested by
v | e LA | e
|
i B Circumf ?ﬁsinxigégik Hansen
¢ | wm LI e
D Circunmf, ?ASanA?.OlX Hansen ‘
E Circumf, 0.5x x 0.2 Hansen -
1 F +  Axial : N5k x 0,2X
: . z
E In all tables, le is listed in (db, phase in degree) format where

in mho)., In all figures, the normalized phase

A gt

db = 20 log), (¥,

of le is equal to Arg(leexpjkso).
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DATA SET A OF MUTUAL ADMITTANCE

(1) The mutual admittance Y., between two circumferential slots on an

12
infinitely long cylinder is calculated from the
% (Exact) Hughes modal solution
* (Exact) UI modal solution
* Ul asymptotic solution
* QSU asymptotic solution
* PINY asymptotic solution,
The parameters are
* Frequency: f = 9 GHz, k = 4,7878 (inch)-l, A= 1,3123"
* Cylinder: R = 1.991" unless specified otherwise
* Slot A: Circumferential
a=0,9" = 0,6858)
b = 0.4" = 0,3048A

v, | = 1.70747 x 107 mho = -55.35 db

3 wmho

Yg = 1.8155 x 10~
* Center-to~center distance between two slots is (R¢0,zo).
(2) le is listed in (db value, phase in degree), where
db value = 20 log,, (|Y12| in mho).

(3) Data are presented in

TABLE A-1: ¢0 0 and various 2z,

A-2:

1

2" and various ¢0

A-3:

#

0 and various ¢0

A~4: ¢0 = 0 and various zg-

Figure A-1l: Mutual admittance Y 2 between two circumferential slots
as a function of ¢o.

A-2 Mutual admittance Y1 between two circumferential slots
as a function of zo.

A-3: |Y12| on a cylinder (UI modal solution) and that
on a plane as a function of 2y

le on a cylinder as a function of the radius R of the
cylinder.
’ 15 27
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TABLE A-2

Y

= 2" i
12 OF SLOT A FOR z_ = 2 |

S a5 St Mo e g
SR A, A S

S

Modal Asymptotic
Hughes Ul U1 osu PINY

-71.87 db -71.78 -71.66 ~-73.67 ~70.96

o
[«]
s

-117° -117° -116° -100° -118°

et e bl

~77.60 ~77.42 -77.69 ~79.25 -76.6

re)
s

0

175° 175° 177 170 172

-89.98 -90.00 -90.17 -91.11 -88.41

o
<o iad 2 Ko tn b L

-4° -3° -1° 6° -10°

-103.15 -102.52 -103.10 -103.83 -101.69

e i 2

0

116° 120 116° 119° 106°

T

TABLE A-3

Y,, OF SLOTAFOR z_ =0
12 o

T

St e sy

Modal Asymptotic

Hughes Ul 0SU PINY

o
T M T ot A e o

~-81.33 db -81.34 ~89.72 -83.14

a5 B S

30
-77° -75° -62° -60°

-89.87 -90.02 -98.66 -91.11

40
166° 170° 174° -180°

-96.37 -96.72 -105.95 -97.43

50
58° 61° 58°

-101.97 -102.48 | -112.59 | -102.93
60
-49° -47° -55° -39°
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TABLE A-4

UL SOLUTIONS OF Y

12

OF SLOT A FOR ¢O

0

s ReTATigl ot ey o, g e ¢

z, Modal Asymptotic z, Modal Asymptotic
o.sn| -62.62 db -62.54 1 | ~84.06 -84.06
-72° -72° -70° -68°
. -66.82 -66.71 v | -84.61 ~84.65
1 [¢] (o] o} (o]
155 155 15 18
| -71.78 -71.66 | 8812 -85.20
2 o] ] (o] 0
-117 -116 100 103
, -74.78 -74.67 | -85-63 -85.70
(¢} (o] (0] [o]
-31 -30 -175 -172
| -76.89 -76.89 L5 | ~86.09 -86.17
4 [¢] [s] 0 (o]
54 54 -90 -86
| -78.51 -78.44 g | ~86.48 -86.60
5 PN o) (0] 0 (o]
139 141 -4 -1
o -79.85 -79.77 | -86.85 -87.01
-136 -134 81 84
| -80.94 -80.88 1 | -87.24 -87.38
7 o] o} (0] 0
-51 -49 166 170
g -81.84 -81.83 0 | -87.91 -88.08
[0} ¢} (0] (0]
34 37 -24 -19
o -82.65 -82.66 s | —90-33 -90.68
0 0 0 0]
119 122 110 115
0" -83.40 -83.40 ot | 91495 -92.46
-156° -153° -115° -110°
30 18
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DATA SET B OF MUTUAL ADMITTANCE

o AR ¢ berr s o

(1) The mutual admittance le between two circumferential slots on an

infinitely long cylinder is calculated from the

* (Exact) UI modal solution

% UI asymptotic solution.

The parameters are

* Frequency: f = 9 GHz, k = 4.787787 (inch)-l, A= 1.3123"
* Cylinder: R = 1,991" , 3,777", 6"
* Slot B: Circumferential

a = 0.656168" = 0.501

b = 0,013123" = 0.01)

g 3*&'1-2&,,8‘!&—hﬂ~,.17-wgw;a)x\’e9ﬁ9w'fr(}r“yo‘{'étﬂférf(§?h-‘ SRR (et ) AV SO T3 O UTANIY T B SN e 8 R DT s RS P st
ok % = X > PR R PR

* Center-to-center distance between two slots is (R¢O,zo).

¢
d . (2) le is listed in (db value, phase in degree), where
E
g db value = 20 log,, (|Y12| in mho).
? (3) Data are presented in
b
é TABLE B-1: ¢0 = 0 and various 2
g s = oM
E B-2: 24 2" and various ¢0
o - = 8"
B~3: 2 8" and various ¢0.

y——
PRz

TR DL VS SE AN & RSN IR + AW g

B~4; Comparison of Hughes and UI solutions
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TABLE B-1
UL SOLUTIONS OF ¥,, OF SLOT B FOR ¢_ = 0 .
R = 1.991" R = 3,777" R = 6"
Exact Planar

2, Modal Asymp Modal Asymp Modal Asymp R=oo

o.5n | ~92:00 db| -92.03 | -92.48 | -92.52 | -92.70 | -92.74 | -93.11
-79° -78° -77° -78° -76° -76° -74°

" -96.31 -96.28 | -96.97 | -96.92 | -97.24 | -97.19 | -97.61
152° 153° 156° 159° 157° 157° 155°

2" -101. 33 -101. 32 -102o20 '102.17 -102056 -102054 "’103020
-117° -116° -113° | -113° -111° -111° -109°

o -106.50 -106.51| =107.70 | ~107.66 | ~108.23 | -108.77{ =-109.10
54° 56° 60° 61° 63° 63° 67°

g -111.48 ~111.56] -113.13 | -113.11 | -113.85 | -113.81 -115.08
36° 37° 42° 43° 46° 46° 53°

e | -116.13 -116.35| ~-118.37 | -118.38 | -119.36 | -119.33] -121.10
-4° -1° 5° 6° 10° 10° 20°
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TABLE B-2 7
|
UI SOLUTIONS OF Y.. OF SLOT B FOR z_ = 2" g
12 o ;g
R = 1.991" R = 3.777" R = 6.0" K
¢o Modal Asymp Modal Asymp Modal Asymp i %
3
:
10° -102.01 db | -102.04 | -104.18 | -104.22 | -106.89 | -106.94 b
-125° -125° -140° -140° -177° -177° £
g
20° -103.94 -104,11 | -109.18 | -109.36 | -115.80 | -115.93 }
~149° -148° 142° 143° 11° 12° ;
30° -106.86 -107.20 | -115.53 | -115.75 | -124.77 | -124.95 %
172° 173° 27° 28° 140° 141° ;
0 -112.51 -112.98 | -125.07 | -125.40 | -136.67 | -136.82 j
43 0 o} 0 0 [0} 0
92 93 169 170 106 105
60° -119.01 -119.28 | -134.48 | -134.38 | -148.07 | -147.24
-12° -9° -81° -77° 51° 44°
90° -131.40 -131.83 | -148,22 | -150.57 | -155.92 | -165.47
110° 106° 132° 113° -170° -102°
- :

25
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TABLE B-3

UI SOLUTIONS OF Y., OF SLOT B FOR z, = 8"

12

R bad 10991" R = 3-777" R = 6'0"
¢° Modal Asymp Modal Asymp Modal Asymp
100 | -111.63 db| -111.74 | -113.45 | -113.47 | -114.44 | -114.46 !
0 0 [o] [o] 0] [o]
32 34 34 34 26 26
200 | -112.08 -112.29 | -114.40 | -114,54 | -116.18 | -116.32
o] o] (o] [o] [o] 0
24 26 9 9 -34 -34
300 | -112.83 -113.18 | -115.94 | -116.26 | -118.94 | -119.21
o] 0 o] (0] 0 (o]
11 13 -32 -32 -130 -129
450 | -114.41 -115.12 | -119.29 | -119.82 | -124.43 | -124.85
-17° -16° -122° -121° 27° 29°
go° | -116.70 -117.70 | -123.69 | -124.22 | -131.31 | -131.37
(] o (s} o] ] (o}
-56 -55 118 121 127 130
o® | -122.98 -124.10 | -134.62 | -134.27 | -146.21 | -145.33
: -161° 159° 169° 172° -132° 146°
i
26
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TABLE B-4

COMPARISON OF HUGHES AND UI SOLUTIONS

R = 1.991" R = 3.777" R = 6"
Hughes Ul Hughes U1 Hughes Ul
¢o zo Modal Modal Modal
oda Modal Asymp Modal Asymp Modal | Asymp
0.5 |-92.3 dbf-92 -92,03 |-92.83 |-92.48 |-92.52 [-92.87 |-92.70 |-92.74
-79° -79° -78° -77° -77° -78° -76° -76° -76°
i |-96.5 [-96.31 |-96.28 |-97.18 |-96.97 |-96.92 |-97.34 |[-97.24 |-97.19
153° 152° 153° 157° 156° 159° 156° 157° 157°
00
gr  (-112.02 [-111.5 [-111.56 |-113.65 |-113.13 |-113.11 |-114.42 |-113.85 |-113.81
23° 36° 37° 40° 42° 43° 44° 46° 46°
16" |-117.08 [-116.13 [-116.35 |-119.27 [-118.37 |-118.38 -119.36 |-119.33
-6° -4° -1° 3° 50 6° 10° 10°
45° | ov  |-112.73 {-112.51 |-112,98 [-125.43 |-125.07 |-125.40 [-137.17 {-136.7 |-136.82
91° 92° 93° 168° 169° 170° 104° 106°  105°
27 39
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DATA SET C OF MUTUAL ADMITTANCE

(1) The mutual admittance Y., between two axial slots on an infinitely

12 —_— .
long cylinder is calculated from the

* (Exact) UI modal solution

* UL asymptotic solution .

The parameters are

% Frequency: f = 9 GHz, k = 4.7877 (inch)™S, A = 1.3123"

a5 Lt e 2 AR B BT T DA gy e

* Cylinder: R = 1,991", and other values

* Slot C: Axial

e oot %5
=

0.4" = 0.3048)

a

b = 0.9" = 0.6858)

gl e e S s B o

* Center~to-center distance between two slots is (R¢n,79).

(2) Y

12 is listed in (db valus, phase in degree), where db value = 20 log10

(|Y12| in mho)

: (3) Data are presented in

: TABLE C-1: ¢, = 0, B = 1.991", and various z.
1.5", R = 1,991", and various ¢G

C-2: z

= 8", and various R.

Praceci ooy

c-3: ¢O = 0, z,

Figure C-1: |Y12| on a cylinder (UI modal solution) and that on

a plane as a function of Zy
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TABLE C-1
_ A0
Y,, OF SLOT C FOR ¢_ = 0
zg Modal Asymp Zy Modal ‘Asymp
~77.38%} -77.28 ~123.86 -123.55
" "
1 590 -59° 12 1340 130°
-92.00 -91.86 -127.50 -126.23
2" ll}"
8° 6° -51° -59°
-99.48 -99.25 ~128.96 -128.55
3n 16"
89° 86° 115° 112°
-104.68 | -104.36 ~131.64 =130. 60
4" 18"
172° 170° -68° -76°
-108.88 | -108.28 ~133.39 -132.43
5" 20"
-103° -106° 102° 95°
-111.94 | -111.48 ~136.07 -135.59
6" 24"
-17° -21° 31° 77°
-114.61 | -114.17 -138.79
7" 28"
68° 64° 72°
-116.93 | -116.5 -141.24
° 149° °
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TABLE C-2
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TABLE C-3

= _an
Y12 OF SLOT C FOR ¢o 0 and zo = 8

FE NP RA K oy KA e
o e = i Aty R

R ’ Modal '

Asymptotic

0.995" -118.07 9P

150°

-116.55
148°

1.991" '116;93
151

-116.50
149

~116.91

1"
3.982 150°

-116.47
149°

5.973" -116-90
154

-116.46
149

7.964" _ll6a89
154

-116.45
149

11.946" -116.84
153

~116.45
149

15.928" "116.82
153

-116.45
149

19.910"

-116.44
149
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DATA SET D OF MUTUAL ADMITTANCE

(1) The mutual admittance Y

infinitely long cylinder from the

* (Exact) UI modal solution

* UI asymtotic solution

The parameters arz

* Cylinder:

* Slot D:

R = 1), 2A, 4X, 10\, « (planar)

Circumferential

a = 0.5\

b = 0.01A

12 between two circumferential slots on an

* Center-to-center distance between two slots is (R¢°,zo)

(2) le is listed in (db value, phase in degree), where

db value = 20 log,, (]Y12| in mho)

(3) Data are presented in

TABLE D-1:
D-2:
D-3:
D-4:
D-5:

D-6:

¢0

0, R = 2) and various z,

0 and various R and z,
0 and various R and z,
0 and various R and ¢°
1)\ and various R and ¢0

5\ and various R and ¢°

33
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Asymptotic
71°
-103.84
75°
~106.96
75°
-109.16
75°

75°
-112.21
74°
-113.35
74°

73°
-115.18
73°
-115.94
72°

TABLE D-1
Modal
-98.60 db
34

71°
~114.28

72¢
-115.12

-103.87
71°

74°
-106.98

75°
-109.17

74°
-110.84

73°
-112.19

73°
-113.32

72°

1
2)
3)
4)
)
61
2
8\
92

101

UI SOLUTIONS OF le OF SLOT D FOR ¢° = 0 and R = 2\

AR e e ¢ TR e

ers 355,
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TABLE D-2

UL ASYMPTOTIC SOLUTIONS OF Y,, OF SLOT D FOR ¢_ = 0
R=11 | R=2\ | R=4% | R=10\ | Plamar
Z, (R = «)
0 81.51 db | 81.51 81.51 81.51
90° 99° 90° 90°
1a | -97-49 -98.56 ~99.15 -99.51 -99.76
67° 71° 74° 76° 77°
5y | ~102.39 | -103.84 | -104.63 | -105.13 ~105.47
69° 75° 79° 81° 83°
3y | -105.26 | -106.96 | -107.92 | -108.52 -108.93
69° 75° 80° 83° 86°
4y | -107.25 | -109.16 | -110.25 | -110.94 -111.40
68° 75° 80° 84° 87°
sy | -108.76 | -110.85 | -112.05 | -112.81 -113.33
67° 75° 80° 84° 87°
oy | ~109.97 | -112.21 | -113,51 | -114.34 -114.91
67° 74° 80° 84° 88°
-110.98 | -113.35 | -114.74 | -115.63 -116.25
x| 6g° 74° 80° 84° 88°
-111.85 | -114.33 | -115.80 | -116.75 -117.40
73° 79° 84° 88°

a
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TABLE D-3
UL ASYMPTOTIC SOLUTIONS OF Y , OF SLOT D FOR ¢ = 0
Planar
] R = 1\ R = 2) R=4\ | R =101 R = )
[o]
-93.01 db | -93.83 -94.27 -94.55 -94.,74
0.5) (o) o o fo} o}
~119 ~116 -115 -114 -113
-100.34 | -101.62 | -102.32 | -102.76 -103.05
1.5\ o o o
-111° ~106 -103 -100 -99°
-103.98 | -105.56 | -106.44 | -106.99 -107.37
2.5 o o o o o
~111 -104 ~100 -98 -95
36
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UI ASYMPTOTIC SOLUTIONS OF Y

TABLE D-4

12

< e 4o ZEm— =
e s ey oA R I e oy Ry T B PP B s N LA RN e TR

OF SLOT D FOR z

=0

R =1\

R = 2)

R = &)

R = 10A

10

~7.62 db

90

-43.02

~124.64

~92°

20

~43.02

90

-121.97

29°

-140.01

-20

30

-98.90

19

-117.45

155.34°

~131.85

122°

-150.99

52°

45

-112.59

-106°

~128,38

-52°

~143.53

84°

~164.60

165

60

-121.31

143

-137 . 31

102

-175.95

-74

i
Wi

37

49
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B
5
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TABLE D-5
UL ASYMPTOTIC SOLUTIONS OF Y12 OF SLOT D FOR ZO = 1A
A R = 1\ R = 2) R = 4) R = 10)
o]
o | -98.12 db| -100.56 | -105.46 | -120.20
10
62° 54° a° 107°
o | -99.93 -105.62 | -116.60 | -136.65
20
48° 4° -160° -115°
o | -102.69 |-111.94 | -126.33 | -148.10
30
26° -75° -18° -17°
o | -107.99 | -121.35 | -138.27 | -162.12
45
-24° 134° -21° 111°
o | 113.88 -129.91 | -148.52 | -174.13
60
-89° -40° -40° -123°
30 18

P
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TABLE D-6 ( %
UL ASTHPTOTIC SOLUTIONS OF Y;, OF SLOT D FCR z = 5\ ]
§
},
!
R = 1A R = 2\ R = 4) R = 10X )
8 ;
o | -108.90 abl-111.13 | -112.73 | -115.49 ]
10 [o] [} [o] (o] g
66 70 61 -25 ;
|
%
-109.31 |-111.98 | -114.67 | -121.98 i
20°
61° 54° 6° 34°
-109.98 |-113.34 | -117.66 | -129.87
30°
53° 29° -83° -24°
~111.47  |-116.23 | -123.42 | -141.86 ’
45°
37° -26° 91° -72°
‘ -113.50 |-119.88 | -130.02 | -153.21
: 60°
; 14° -99° -145° 159°

M O T St

39 21
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DATA SET E OF MUTUAL ADMITTANCE

(1) The mutual admittance le between two circumferential slots on an i
infinitely long cylinder is calculated from the
* UI asymptotic solution
The parameters are
*Cylinder: R = 1, 2X, 4Xi, 10A
*Slot E: Circumferential

a = 0.5\

4 b = 0.2}

*Center-to-center distance between two slots is (R¢o,zo)

(2) Y,, is listed in (db value, phase in degree), where

12
db value = 20 log,, (|Y12l in mho) ]

(3) Data are presented in
TABLE E-1: 2z = o, various ®o and R

E-2: =z = 0.5\, various ¢o and R

E~-3: 2z = 1\, various ¢o and R

E-4: 2z « 2), various ¢0 and R

0
E-5: =z = 4, various ¢ and R
o o
E-6: =z = 8\, various ¢ and R
) o

E~-7: Comparison of UI asymptotic and UI modal solutions
E-8: Comparison of Ul asymptotic and UI modal solutions

rigure E-1: Mutual admittance le between two circumferential slots
as a function of ¢0.

E~2: Mutual admittance le between two circumferential slots

as a function of ¢0.

E-3: Mutual admittance le between two circumferential slots .
as a function of ¢0.

E-4: Mutual admittance le between two circumferential slots
as a function of zo.

E-5: Mutual admittance le between two circumferential slots
as a function of 2qe

32 40




UI ASYMPTOTIC SOLUTIONS OF Y

TABLE E-1

12

OF SLOT E FOR z_ = 0

é R = 1\ R=2\ | R =4\ R = 10A
30 -394 ~91.47 | -105.83 ~124,96
7 153 121 52
45 -86.6] -102.35 | -117.50 -138. 57
-110 -54 83 165
60° -95.31 -111.28 | -127.44 ~149.93
140 101 49 77

41
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TABLE E-2

ASYMPTOTIC SOLUTIONS OF Y.  FOR z, = 0.5x

12

¢ R=1) R = 21 R = 4) R = 10\
(o]
0° -67.67_db -68.46 -68.89 -69.16
-117 ~114 -112 -111
10° ~69. 00 -72.97 -81.72 -98.38
-122 ~132 170 -146
20° -72.6] -82.21 -95.39 -113,59
-137 164 -39 -49
(o]
30 -Zzégg -22667 -132602 -133652
45° ~85.89 -100.98 | -116,60 ~138.17
130 ~116 50 150
60° ~93,37 -109,75 | -126,60 -149.69
47 51 20 -90
24 42
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TABLE E-3

. UI ASYMPTOTIC SOLUTIONS OF Y12 FOR z, = 1

0, R = 1\ R = 2\ R = &) R = 10)
0° -72.28 db -73.34 -73.92 ~74.28
68 73 76 78
10° -72.91 -75.33 -80.15 ~94.52
64 55 9 105
20° ~74.71 -80. 31 -91.02 ~110.75
49 3 -161° -116°
30° ~77.44 -86.49 | -100.36 -122,14
26 -76 -20 -18
o)
45 -82.65 -95,69 | -112.38 ~136,13
¢ . -24° 132g -22° 111°
o
60 -88.42 -104.13 | -122.57 -148.13
-90 -42 -41 -124

43 22




TABLE E-4

UI ASYMPTOTIC SOLUTIONS OF le FOR z, = 2\

6 R =1\ R = 2) R = 4\ R = 10\ ;
;
0° -77.24 db -78.67 ~79.46 ~79.96 3
70 76 80 82 §
{
}
10° -77.52 ~79.44 -81.77 -89.53 !
67 65 37 -148 ‘
20° -78.37 ~81.60 -87.38 -103.31
57 31 -79 76
30° -79.73 -84.81 -94.18 -114.68
(o] 0 0 (o]
| 42 -21 112 ~144 H
45° -82.59 -90.7¢ | ~104.37 ~128.88
9 -130 162 15
? 60° -86.17 -97.24 | -113.88 -141.23
: =35 94 177° 153

44
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TABLE E-5

b
Kt
%
H

UL ASYMPTOTIC SOLUTIONS OF Y1 FOR z = &)

2

I SR AL

22 P

¢ R = 12 R = 2) R

i
[}

42 R = 10A

0 -82.%0 db —84.81 -85.%0 -85.38
68 75 81 84

10 -82.%6 -82.86 -85.87 —89.37
67 67 57 =49

20 -82.33 —82.33 —88.gl —97.35
61 61 -10 -37

30 -83.31 —83.81 ~-92.03 —106.g4
52 52 -116 -149

45 -85.21 -85.21 | -98.74 ~118.99
} 32 32 26 ~108

60 -87648 -87648 ~106,08 -130669
5 5 117 -58
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TABLE E-6

UI ASYMPTOTIC SOLUTIONS OF Y12FOR z, = 8\

4 R=1) R = 21 R = 4\ R = 10A
0° -86.70 db -89.18 ~90. 65 -91.60
66 73 80 85
10° -86.81 -89.38 ~91.06 -92.96
64 70 67 14
20° -87.12 -89.97 -92.26 -96.69 ;
61 60 31 171 3
30° -87.63 ~90.93 -94.18 -101.98
56 43 -28 -140
f 45° ~88.77 ~93,03 ~98.14 -111.31
? 44 5 -156 -35
: 60° -90.35 -95.78 | -102,98 -121.14
{ 27 ~45 34 -47
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TABLE E-7

COMPARISON OF UI ASYMPTOTIC AND UI MODAL SOLUTIONS

i st NS

-
e SR L

%i
. 6 R = 1) R = 2\ §
(o] o Modal Asym. Modal Asym i
4
3
0° ~72.54 db ~72.28 | -73.64 | -73.34 g
67 68 73 73 §
i
10° —73.%2 -79.31 -75.34 -75.33 §
63 64 55 55
0 -74.78 -74.71 -80.33 -80.31
1A 20 480 490 3o 3o
30o —77.84 —77.34 -86.,37 ~86.é9
25 26 -77 76
45° -82.3o —82.63 -95.68 —95.68
-26 ~24 130 132
600 -88.35 -88.32 -103677 —104613
~91 -90 ~-41 -42
47 59




TABLE E-8

COMPARISON OF UI ASYMPTOTIC AND UI MODAL SOLUTIONS

R = 1) R = 2) Planar '
¢o & Modal Asym. Modal Asym. (Exact)
0.5 -67.87 db -67.67 -68.69 -68.48 | -69.33
. -117 117 -114 -114 -110
-72.54 72,28 ~73.64 -73.34 | -74.52
1 67° 68° 73° 73° 79°
(o]
0
” ~77.46 -77.24 -78.98 -78.67 | -80.29
68 70 75 76 84
g " -82.22 ~82.10 -84.3 -84.01 | -86.25
: 66 68 75 75 87
: -86.65 -86.7 -89.41 -89.18 | -92.25
F 8 62° 66° 72° 73° 89°
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DATA SET F OF MUTUAL ADMITTANCE g

§

‘

(1) The mutual admittance Y17 between two axial slots on an %
infinitely long cylinder is calculated from the i
*UI asymptotic solution f

The parameters are ?
s

%Cylinder: R = 1), 2X, 4X, 10 g
*#Slot F: Axial !

a= 0.2 :

b= 0.5\ :1

*Center~to-center distance between two slots is (R¢o, zo) .

(2) le is listed in (db value, phase in degree), where

db value = 20 log,, (lvlzl in mho). -

(3) Data are presented in

TABLE F-1: 2, = (), various ¢o and R

F-2: 2z = 0.5X, various ¢ and R
) 0

F-3: 2z = 1), various ¢ and R
) o

F-4: 2z = 2x, wvarious ¢ and R
) 0

F-5: 2z = 4\, wvarious ¢ and R
o 0

F-6: 2z = 8), various p and R
o 0

F-7: Comparison of UI asymptotic and Ul modal solutions
F-8: Comparison of UI asymptotic and UI modal solutions

F-9: Comparison of asvmntotic solutions

} Figure F-1: Mutual admittance le between two axial slots
s as a function of ¢0.

F-2: Mutual admittance le between two axial slots
as a function of ¢0.

F-3: Mutual admittance le between two axial slots
as a function of ¢0.
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TABLE F-1

UI ASYMPTOTIC SOLUTIONS OF Y12 FOR z, = 0

l
o, | rR=1 R = 2) R = 4 R = 104
o | 6339 ~67.11 -72.13 ~80.11
- ~66 178 167
o | -67.13 -72.57 -78.93 ~88.04
20 -69° 173° 53 -110°
o | -70.46 ~76,90 -83,98 ~94,11
30 -131° w® 26° -32°
40 | 7493 -82.36 ~90, 41 -102.17
130 ~154 6 82
of | 78,97 -87,25 ~96.29 ~109.73
28 6 -39 -164

55 67




e

i
Jx
H
j
|3
TABLE F-2 b
PR
UL ASYMPTOTIC SOLUTIONS OF Y , FOR z_ = 0.5) 3
¢, R = 1\ R =2\ R = 4) R = 10A o
79.14 db 70.11 70.10 70.09 §
0 =70, -70. -70. -70. i
0 25° 25° 25 26 ;
é 3
:
10° ~74.24 -76.61 -77.29 ~81.28 ;
-20 -94 139 144 :
o -76.84 -77.58 -80. 64 -88. 34 3
20 -101° 133g -102° -123°
30° ~77.48 ~79,63 ~84.79 =94, 24
-112 10 6 -41
. -79.13 -83.7} -90.78 ~102,22
45 90 -179 -19 77
6o° -81,68 ~88.04 ~96.49 ~109.76 ;
-6 -14 =50 -168 ;




T

TABLE F-3
UL ASYMPTOTIC SOLUTIONS OF Y,, FOR z_ = 1A
8 R = 1A R = 2) R = 4) R = 10A
o° ~86.65 db -86.63 -86.61 ~86. 60
-173 -172 -172 -172
16° ~87.35 -87.92 -86.18 -84.30
172 134 33 78
20° ~88.37 -86.51 -84.78 ~89.22
128 26 -180 -160
0 -88.07 -85.53 -86.95 -94.63
30 70° —818 -51g -66°
45° -87.12 ~87.09 ~91.80 ~102,39
-15 109 -60 60
60° -87.51 ~90.13 -97.06 -109. 84
-99 -72 -81 179
57
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TABLE F-4
UL ASYMPTOTIC SOLUTIONS OF Y , FOR z_ = 2i
¢ R = 1\ R = 2\ R = 4\ R = 10X
o]
0 -99.37 db -99.34 -99.3 -99.33
0 -177° -176° -176g -176°
o -99,72 -100,00 -98.96 -92.20
10 176° 157° 93° Z144°
o ~100.48 -99,39 -94,33 -92.24
20 152° 858 -67° 62°
30° ~100.83 ~97,05 -93.13 ~96.09
115 4 109 -163
45° -99,82 ~95.40 -95.21 ~103,04
49 -126 150 -7
o -98.70 -96.10 -99.12 ~110.19
60 -15° 89° 161° 129°
58
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TABLE F-5
UL ASYMPTOTIC SOLUTIONS OF Y,, FOR z_ = 4}
8, R = 1A R = 2) R = 4) R = 10}
0° -111.56 db ~111. 54 ~111.53 -111. 52
-178° -178 -178 -178
10° -111,78 ~111,97 -111,81 -105,41
177 168 132 -27
20° ~112.38 -112,36 ~108,23 ~100,03
164 126 21 -35
30° ~113,06 -111,16 -104.80 ~100.65
143 67 -104 -154
o -113.38 -108, 48 -103.49 -105,31
45 97° - -24° 28° 100°
60° -112,64 -107.29 ~104,94 -111,46
47 -123 114 -67
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TABLE F-6

U ASYMPTOTIC SOLUTIONS OF Y , FOR z_ = 8)
b R = 1) R = 2) R = 4) R = 10X
o
° | -123.63db | -123.61 -123.61 ~123.0
-179 -179 -179 2179
0 -123.78 -123.92 124,05 120,63
10 —1788 173° 155° 54°
20° ~124.23 ~124.56 ~122.90 -113.13
171 150 83 -178
0 ~124.87 ~124.73 -119,69 -110.52
30 159° 113° -2° -137°
4s© | ~125,87 ~123,26 ~116. 53 -111,57
131 46 145 -36
o | -126.32 -121,57 115,88 -115 46
60 94° -21° 38° ~50°
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COMPARISON OF UI ASYMPTOTIC AND

TABLE F-7

UI MODAL SOLUTIONS

) R R = 1) R = 2)
[o] 0
Modal Asym, Modal Asym,
0° -87.06 db | -86.63 ~86.83 ~86.63
-171 -173 -172 -172
10° -87. 69 ~87.35 -88.23 -87.92
176 172° 139 134
0 --88.91 -88.37 -87.64 -86.51
20 139° 1288 35° 26g
30° ~89.40 -88.07 -87.01 -85.77
85 70 =72 -81
450 ~89,19 ~87.32 -88.67 ~87.30
2 -15 119 109
0 -89.84 -87.72 -91.86 -90.36
60 -83° -99° ~61° 272°

61

i,




TABLE F-8

COMPARISON OF UI ASYMPTOTIC AND UI MODAL SOLUTIONS

e I RSB S Ve B s S w&ﬁ

R = 1) R =2) Plan. -
¢ z )
° ° ! Modal Asym, Modal Asym, (Exact) ;
- 70,14 db | -—- -70.11 | -70.08 L
0.5 25o 250 260 §
- f;
N ~87.0¢ ~86.63 ~86.83 -86.63 | -86.6_ 1
-171 -173 -172 -172 ~172 )
© | -99.97 -99.37 -99.61 -99.34 | ~99.32
-174 -177 -176 -176 -176
i ~112.43 -111. 56 -111.93 -111.54 | ~111.52
-175 -178 -177 -178 -178
8 -124.33 -123.63 ~124.12 -123.61 | ~123.60
-174 -179 -177 -179 -179" .
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TABLE F-9

COMPARISON OF ASYMPTOTIC SOLUTIONS

2 p R = 2) R = 10X
‘0 0 UI Asym., PINY 0sU Ul Asym PINY 0SU
-99,34 db -99.42 ~-105.44 -99.33 -99.41 ~105.42
00
-176° ~172° -172° ~-176° -172° -172°
-100.00 -99.93 -~105.37 ~-92.2 -92.51 -92.53
10°
157° 164° 152° ~144° ~-142° -143°
-99.39 -99.71 -101.89 -92.24 -92.46 -92.45
2A 20°
85° 98° 78° 62° 64° 65°
-97.05 -97.85 ~-98.23 -96.19 -96.30 -96.30
30°
4° 17° 4° -163° -161° -160°
-95.40 -96.16 ~96.09 -103.04} -103.25 | -103.25
45°
~126° ~115° -120° -7° -5° -4°
~-96.10 -96.68 ~96.6 -110.19} -110.41 | -110.41
60°
89° 97° 96° 129° 131° 131°
63 75
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APPENDIX B: COMPUTER PROGRAM LISTING

TSI

e

This appendix contains the program listing of all solutions,

A PSR

except the exact Hughes modal solution, discussed in the text.

Faa

Wi,

]
4
o
%
il
Z
]
%
(4
%
4
b
¥
i
&
b
4
4
|
g
<
{
i
; !
. 4
N
.
5
?
7
iv E
b
4 67 79
3 12
H
:
.
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" et TN Feh BRI, T etys i ds,
e BRI ’,:v%‘,’,'.,:»‘»,.,m‘ W{»v m?"»x‘\i{mj{?i,: i:&;?j?ﬁ:u" 5 Xy §\,s &3 ‘-,uv%':« S 3

f’ " -~ -
Pﬁ@GRéM‘GYURPL(INPU?:TﬁPEéyOUTPUTrTAFE7éQUTPUTyTAFEbﬂINFUT)

**********************************************************h

* *
B *
X X
X ¥
% ¥
X X
X *
X ny: 8. W, LEE *
* §e SAFAVI-NAINI X
¥ . CHANG *
* [: L l. L] LAN -‘}\
¥ X
* *
% %
X NATES  8/10/77 X
X *
% *
% UNIVERSITY OF ILLINOIS X
% X
FHRRKRERKEKRKKROKKRK KKK KKKIKRKRKIKERRKKERRKRKKKR KK KKK KKK

COTHIS I8 A MODRIFLED VERSION OF THE PROGRAMS SOLVING MUTUAL
C AIHITTANCE OF SLOTE ON A CYLINBLR GR ON A PLONE,

P THE FROGRAM 18 MODIFIED TO RUN UNDER CLC CYRER 170 SERLES
[ COMPUTER SYSTEMS.

> THE ORIGINAL VERSION WAS REFORTEL IN “ELECTROMAGNETICS

C LARORATORY TECHNICAL REFORT NG, 27-8"  DATE! MARCH 1977,

c
C TH1S PROGRAM CONTAINS THE FOLLOWING SUBFROGRAMS
c
€ (1) PLANAK
e 1A) EXACT (FLANAR)
£ 1B) AFFROX [MATE (AFROX1 % AFKOX2)
C
C (2)CYLINDRICAL
£ 2A) UL ASYNFIOTIC (CYL NI
C 2E) UI EXACT MODAL (PROGL & FROG)
; 20) 08U ASYMPTOTIC CCYLINID
C 1) FINY ASYNETOTIC  (CYLIND)
C 2E) AFPROXIMATE (AFROX1 & APROX2)
C 26) UT(2) ASYMFTOVIC  (CYLIND)
¢
& EACH SUBFROGRAM [S A SUBROUTINE TO THE MALN I'ROGRAM,
C
CORCCCOLCCOCTELEELCCCEOCECCeCeCCCCrLiLieti TCCCLarertCuttenee
e
80
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"L THE INPUT FORMAT IS AS FOLLOW ¢ o
St EFORMATEE -
- . -
G ==(1)/(2) o S % AL0
‘ £ =~18/1R/20 2k, 2C/2D/2E/2F ¥ 2410 \
G -=AXIAL/CIRCUMFERENTIAL + ALD
" & --FRERUENCY , ‘ + G15.0 SPURREE B
. . ~-~SLOT DIMEASION (AsR) + 2615.0 SRR
7 C IF USING AFFROXIMATE OR UL EXACT MODAL JUMF TO . 5
= C THE NEXT SECTION YO I
B C ~~INTEGRATION GRID (IFAyIFE) $ IS5 o 8
L C ‘ S o . S <
[ C IF USING OTHER THAN UI EXACT MODAL JUMF TO THE NEXT SECTION RO B
3 C (UI EXACT MODAL IS USING TRAPEZDIDAL RULE FOR INTEGRATION, S b
3 C NCYCLE=ND. OF SURSECTIONS RETWEEN ANY TWO SUCCESSIVE ZERDS : » i
E C OF INTEGRAND i
& C HMAX I8 THE MAXIMUM NO, OF TERMS WHICH HAS BEEN USED IN : b
3 C CALCULATION OF INFINITE SERIES) : &
i C  --NCYCLE» MMAX £ 2185 L
B ©C o4
- C THE NORMALIZATION FACTOR (Y11) “%
- . L ~-~NORMALIZATION FACTOR $ G15.0 i
' C a
o C INFUT Z0 -
. C ~-TOTAL ND., OF ELEMENTS IN 20  (MMAX.=20) 12 ¥
4 L -=20(1) ¥ G145,0 2
- L ~=Z0¢2) £ 615.0 A
: C == . ¢ 615.0 3
i C o 3
i C IF USING PLANAR “(1)* INFUT THE FOLLOWING »IF NOT 3
g8 of
< C JUMP TD THE NEXT SECTION #
. . £ ~-~TOTAL ND. FO ELEMENTS IN YO  (MAX.=20) I A
b C ~=YO(1) + 6G15.0 &
v C =-YO(2) ¥ B15.0 3
- C - ¥ 615.0 4
4 C :
4 C 1F USING CYLINLDER *(2)* INPFUT THE FOLLOWINGj ki
4 C --TOTAL NO. OF ELEMENTS IN FHI  (MAX.=20) 12 3
< C ==FHI(1) + G15.0
3 C ==FHI(2) £ 615.0
B C -~ * G15.0 :
- T --TOTAL NO. OF ELEMENTS IN RADIUS (MAX.=20) LI *
| C --RADIUS(1) + 615.0
- € --RADIUS(2) £ B15.0
C - + ¥ 61500
.;: ) C
b cceceecteceeceeeeceeeeeeecececeecececececceeeceeccecceececceeeereceeeeceeee
. IMPFLICIT COMPLEX (CsHrZ)sREAL(A=ByD=GyP-Y)
5 REAL FHI(20) sRANIUS(20)sZ(20) yYF(20)
REAL TN(10) s TNFI(10)
INTEGER PINYs08UsUIyTEST 61 :
o 69 - |
A i
:( .
3 :
# §
b :
3 |
{ ;
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.. LOBIGAL .éijmx«mu «’ .
w0 OREAL MAGY20 o
REAL CONFsCONF1,GONF2KO0¥20
COMMON- BTy 1219 TZ2yTY1s TY25 Ry THETHA
COMMONZDATAL/ TN TNETyRHO s C1 9 C2yF2 vIOFvLPiRAHvaEG
COMMON/DATA4/AGORy SN2y TRy R2y ACONL s ACON2 5 £O1 610
- COMMON/TIATAR/AQY B0y 205 YO
" COMMON/TIATAZ /K04 NEYCLE y FHIO Z0 y Y11 5 MMAX s A v R
HATA TN/2.33811s4.00795y5, 5215596, 7867197 99417 5.

¢ ?e02265y10,04017 11.00852r13 PIEORr12, B2E787
DatTa TNPI/lsO]Q’?r?.248 2054.820100.64. 165?17/ E72185

% B, 4884959, 53545y 10, 52766911, 47506512 . 384797
ATA YI/0/v0¢ U/O/vPlNY/O;vTY"F1/lOHbXﬁC1 7y ’

48 B $ PRU”/1OHLYLINthLﬁ/9FRUI/10HPLANGK Ag‘
5 # FYPL?/lOHAPPRHXTNNY/vIYFL4/IOHUI EXAGT ¥4/

4 S8 TYFE4/LOHUL ASYMFTOZ » TYPES/LOHOSU ASYMFT/y

2 : $ TYFES/LOHPINY ABYMP/ ¢ TYRES/Z1OHUL(P) aBYM/y L &
@ $ CONF1/10HAXTAL / yCONF 2/ 1LOHCTRCUMFERE/ o o
- DATA TFAA/L/y IFER/L/ ; 4
i3 FI=4XATANC] JEQ) o -
s RADN=II/480. % DEG=180./FI L i
3 ACONL=187./64.  §  ACONR=R. /3. . 9
: LO1=¢0vyLe) &  CLO=CLer0o) .- &
2 WRITECGy 55%5) o

o READ (509099 PRI

9099  FORMAT(ALO)
LFCFROVEQLFREL GOTO 8082 :
IF CFROVEQVFROZIGOTD 8083
WRITE (75 8044)
GTOR .
BOBI  IFLAN=x
WRITE (6y&46)
BOTHROPS
8082 IFLAN-L
WRITE S 7779
BO9Z  READ(SHyBG 1) TYPEy TYPEE
REAIN( 5y 9049 ) CONF

W S

SR
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READ{S 8086 ) XN B

READCL B8O AAY BH 4
7 2087 FORMET(2GLG,0) 3
; LFATYRLEQIYREZD G070 8097 a;
}f IFCTYRFELEQLTYPED)GOTY 8099 £
a TEATYPECEQ.TYFEZ) GOTG 2000

IFOTYRELEQLTYRE4IBO1Y 809/ g

TFCTYFEVEQLTYRESIGOTD 80% 7 43

TECTYRFELEQ.TYFESYGOTO HOY/ b

IF(TYFELEQ.TYPEZ)GOTL ©097

WRITEC7,8084)

HToF .
9000  REANCIBO26)NCYCLE y MMAX

T — PR E—Y
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A0 GOV 1

097  KEAD(Sy 8071 ) ' Fidy [1HE <
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809%

8092

8095

8094

9092
9093
771
772
773

888

999
113
112

111

333

114
444
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REAL(S5y8086)Y11
ZY15CMPLEXCY11,0.E0)
READ (57809 19NDZ
0. 8092 I=1,NiiZ
READ(S58086)2(1)
IFCIRLANLT 255070 2230
REAT (598094 )NDPHT -
DO 8095 TI=1yNDRHI
READ(SyBOBSIFHICT)

REAL (548091 ) NDR

Do 8094 I=1iNOR _
REAL(S; B086) RATTUS(T)
5OTO 8094

REAIN(SBOPLINDY

o 8OBY I=1yNDY
READ{S»BOBS) YF (1)
IF(CONF1EQ.CONFIGOTO 9092
AXIAL=.FALSE,

CUM=.TRUE.,

GOTO 9093

AXIAL=, TRUE.

CUM=.FALSE,

WRITE 6y 555)
URITECAy 771 TYPES TYPEE
FORMAT (///71Xs20C"%*) /01Xy "X* /1X» "X* s 3Xy "METHOD OF SOLUTION t°
$ 14X 9 2A10/1Xy X" /1Xy20(* %"))

WRITEGs772)

FORMAT (/1Xs20(" X" ) /1Xy "%X")

FORMATC1Xy X" /71X 20( %))

WRITE (6, 888) XK

FORMAT(1Xy "X "y 3Xy *FREQUENCY ¢ RK= *»EL14,6)

WRITE(&»773)

WRTTE(6»772)

IF(IPLANJERQ, 1)GOTO 113

WRITEC6r999)FRO2

FORMAT (1X» X" 93Xy *GOMETRY ¢ *,A10)

GOTO 112

WRITECAr999)FROL

WRITECAy773)

WRITE(4y772)

WRITE(&9111)0ArER

FORMAT (1Xs *X*»3)y *SLOT DIMENSTON ¢ ACALONG PHI)= *,I8,5,

$ b BGALONG Z)= "yF8.5)

WRITE(Ly773;

WRITE(S»772)

[F CCONF JEQ.CONF L)GOTO 114

WRITECSH»333)

FORMATCLXy "X "9 3Xy *SLOT ORIENTATION ? CIRCUMFERENTTA *)
GOTO 115

WRITE(S9444)

FORMAT(1Xy "X"y3Xy *SLOT ORIENTATTUN ¢ AXIAL®)
WRITECS»773)
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2097
0964

8081
8084
80846
8091

o E RIS

eoney
PEE

SELIN

TELTYRE: EQ‘ YPEO)6070‘774
WRITE (69 772)

IFCTYRE EQTYRES)BOTO 775
WRITE(4i99) IFAATIFRE A
FORMAT (1X7 #%* y3X 5" INTEGRATION GRID 3
GOTD 776

WRITE(6+891INCYELE sMMAX )
FORMATA1Xy "X* » 3X5 *NCYGLES *y TS5 " i
NRITE(&;??E)

WRITECy772

URITF(6v88°)Y1~ A
FORMAT 21X5 %% 3X» "NORMALIZATION FACTOR ¢
WRITEC62773)

21350

Yil=

Xi?igbl'”

- MMAXE s IE)

$YyF742)

NRTIb(uv&BW) )

FORNAT(///jOXr"$$$$$ DATA OQUTFUT  $$%$3"//)
FORMAT(/2Xy "FHI= '9r7ohrf “NEG i 20= "4F7,3y
& ] RADTUS= "yE14.5)

FORMAT (/72X Y= *yFQe4y" i e " F7.3)

IF(TYPELER.TYFESIGOTD 9095
IF(TYFEEQTYREA4) TOF==1
IF(TYPEEQ.TYPES) TOF=2
IFCTYFEVEQ.TYPES) TOF=3
IFCTYREEQGTYREZ ) LOP=4
IF(CUM) GUTO 9094

A=RR

B=AA

IFA=IFRR

1PH=IFAA

GOTO 091

A=AA

B==RE

IPA=IFAN

IPR=[FPRE

G010 9uel

A=AA $ R=RI $
ng 9096 I=1yNOKR
RHO=RARLUS (L)

Do 2096 Il=1yNDZ
Z0=72(1D

0 9096 11I=1yNOFHI
FHIO=FHL (XTII)XRADN
WRITE(S»884XPHICITI D) » 20« RHO
TECCONFLLEQ.CONFIGOTO 9097
CALL PROG2(RHDy MAGy PHASE s TRy PHN)
HOTO 2094

KO=XK

CALL PROGL(RHOyMAGy FHASE s IR MAN)

WRITE (69 78)MAGy FHASE v IRy I*HN

STOR

FORMAT(A10,A10)

FORMAT(UXy*$5% ERROR $4¢ fFLEASE CHECK YOUR

FORMAT(B15.0)
FORMAY (I

72
84

R Y. e E R o e oo

INPUT AGATR")




8098

2091

o

By
.
~

'
6‘; 8
g L3
& 14

AR

TR
AL

:
H
.
e

BRSOk et idihaah R IR A e

FORMAT (215)

1eumEi
TAXIAL =3 -

IF (. NOTS CUM) ICUM=R
IFC:NDT,AXIAL) IaXIAL=1
DO 30" IJ=ICUM»IAXTAL
AD=AXXK

BO=BXXK

60 70 o

SAVE=4

A=R

R=GAVE

AO=AXXK

RO=I%XK

ITEMP=IFR

IFR=IFA

IPA=ITEMP

WIDTHL=A0/ LA
WIDTH2=R0/IFR

C1=CEXF (CMFLX(0,EQy~F1/3,))
C2=CEXF (CMFLX(0.EOyRI/4, ) )
CC=Ca%%3

F2=8QRT(FI)
Y1=~A0/2,~WIDTH1 /2,
Z1==R0O/2, -WINTH2 /2,
IFCIPLANGEQ, 1Y GOTO 7
GOTO 8

NDR=1

RADIUS(1)=1,E20

CONTINUE

DO S0 IRAD=1,NDR
RHO=XKXRADIUS ¢ TRAN)

DO 60 Jz=1,NDnz
Z0=2(JZ) XXK
IFCIPLANVEQ.1) NOFHT=NDY
DO 70 IY=1,NDPHT
IFCIFLANGEQ. 1) GG To 13
YO=RHOXFHI(IY)XRADN
IFCFHICIY) VERL0.0) Y0=0,001
Y=Y0O/XK

60 TU 14

Y=YF(IY)

YO=Y%XK

CONTINUF
IFCTYPEZEQ.TYFEQ)GOTO 17
Y2=Y0-A0/2,~WINTH1/2,
Z2=Z0~R0/2,~WIDTHD /2,
ZSUM=0,

00 80 K=1,1rq
TY1=Y14+WIDTHI %K
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5 oy
A 40
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4 78
3 35%
>3 HES
B g
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o 90 L= 1yIPH
TZ12Z LW ITHR XL
nu 106 M=1yIMA
TYR=YRHU) DTHLXN
DO 1L0 M=o LR
FZ2=7 04NN FHRKN

REBRRTCUTY 2~TY L) KRR (T Z2~TEL) $X2)

THETHASA TANZCCTEO=-TZI) o UIYR=TYLY )
AQOESCQﬁ(IHE!Hn)%*?

Re=RRks

FFCIFLANGER.LY GU TO 600

GNR=SINTHETHA 12

T2« TﬁN(¥H?\HA)**«

LA L CYLITNH T ZGUM)

CIRI R A Y

frALL MoaNAR LDy 78UM)

CONTINUE

CONTTNUE

CONT (NUE

CONTINUE

A2VR=LBUMR CRLOTH IR LITHR)Y KKK (24 )/ CAOKRO)
TFCIFLANGER DY GEOTD 24
WRITECHSrO8AIFHLIITY) » 2CJ2) yRATITUS CTRATD
GOT0 18

WRITE oy 8BSYYFAIY)) v ZCJZ)

SO0 18

TF{IRLANLGEQ.LYGOTD LS
WRITECAUOMPHT LYYy 202 s RARIUS (TRALD
GOTO LY

WRITE (L B8EESYYPOLY) » ZCUD)

IFCCONF EQ.CONFLIGOTO 16

CAaLL AFRUOX1I(AQyRO» 20y YO Ly ZYZ)

GOTO 10

Calll. AFROX2(A0sRBOy20yYOrF Ly 2V

riAG= LQBS(JY")
FHASE=ATANI(ATMAG(ZY2) s REAL (ZY2) ) XIEG
ZEXFUN OEXPCOMPLYCOWEQ s BART(YOXKFZOXK ) ) )
ZFROD=ZY2XZEXFON
FHN=ATAN2CAIMAG (ZFROD) yREAL CZPRODD ) XDEG
NR=20 . XALOGB10(CARGCZY2/ZY 1))
WRITE(SHy78) MAGyI'HASE s Ky F'HN

CONTINUE

CONTINUE

IFCTRFLANGERG L)) GO TO 30

CONTINUE

CONTINUE

FORMAT IR s " (12 YwEL3:99* MHO= 9F 7202y

sTor

——

SDEG™ 5 95X *JiR=
"3 NORM HHAGE = *yF7.0y * <HEG:Y)

FORMAT (/10X s " XAXKRRKKKRRIAK AR AN SR ORR KSRk Skl tookokioRRk 3ok kx ™ /)

FORMATCLOX " HUTUAL AUMITTANCE OF SLOTE ON A CvlibneR

FORMAT CLOX " MUTUAL AIMTTTANCE OF SLOTS ON A PLANE
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i SUERQUTINE AFROX1(A0sEQsZOsYOrFI1ZY2)

E IMFLICIT COMPLEX (CoHyZ) yREAL(A-R3D=61F=Y)
- * REAL TH(10)yTNFI(10)

s REAL KArZO

3 COMMION /DIATAL/TNY TNFIyRHOyCLeC2yF2

COMMON /CF /CUF s CUF » CULF y CUFF 3 CURF
THETHA=ATANR(ZOyY0) o " ,
- LE CTHETHALGE .89, 99%FI/180.) THETHA=89 .99%XP1/180,
i o R BRRT (ZOKK2EYOKKD)

A . RHOG=RHO/COS (THETHA ) kK2 ‘
b : ZOR=(0 v y~1 ¢ YRCEXF (CMPLX(04EQr~R) I/ (240 4 XFIXK2XR)
- ~ KO=RKARE (L 4/ (2 KRHOGKK2) kK (1,/34))
i IF{KAWLT 0.7 GO TD 20

- CalLL FODK(KA)

4 GO TO 30

L : 20 (ALL FOCKL(RA)

L
TERETLN

o

1 30 ZI1=GURKCSINCTHETHAY KK2+C0 4 » 14 )KCOS C2XTHETHA) /R)
4 ZT2=(0 s Lo YXCUFKLOS C THETHA ) XX 2/R

- ZT3=C04 v 1010/ (SART (2 O KRHOKCOS CTHETHAY ) ) XK (2, /3, )
A T & XSINCTHETHA) XKAXCUPF ,
HIFHT=ZORKL Z T4 ZTR42T3)

LECTHETHAVEUL0.) GO TO 40

;; TH1=81 N(ROXSINCTHETHA) /24 )/ CROXSINCTHETHA) /24)

3 : GO TO 50

a 40 THL=1,

- 50 (M2C0S(AOKCOS(THETHA) /2,0 /(1 ,~(AOXCOS (THETHA) /P T) XX2)
1 ZY 248 ¥AOKROK (TMLRTMRZ/PT ) KK 2KHFHI

i RETURN

A £

- SUBRODUTINE ARROX? (A0 IO s ZOy YOrPLyZY2)

% IMELTEXT COMPUEX (CoHyZ) yREAL (A=Ry DGy F=Y)

B REAL TNCLO)Y s TNFI(10)

o REl KA» 20

- GOMMON /DATAL/ TN TNFTyRHOY L1y CRF2

’ COMMON /CF ZCVUF y CUF y CVLF » CUFF » CURF

e THETHA= ATAN2ZL 209 Y0)

- TFCTHE THA L GE «89 . 99XPL/1804 ) THETHA=89,99%F1/180,

e R=GART (ZOXX2HYORED)
3 [HOG=RIOD/COS ( THETHA) X %2
% ZBR=(04 v OIXCEXP(OMPLX (O EQy =R )/ (240, kF INK2KR)

53 RASRXKARS (L. 7 (2 XKRHOGXXD) D kX (1. /730))

f TPORALLTWO. Y G0 TO 20

TALL FOCK(RA)

o (HEER U 1¢)

200 Call FOUNECRA?

i S0 AT L=CVR K COGS (THETHAYRX2- (04 » 1) XCOS (2, X THETHA) /R)

e JT25 (0,9 1) XCUFXSIN(THETHA) XX2/R

H - LORXCETLHITD)

THL (SINCADXCOS(THETHA) /24) /7 CAOXCOS (THETHA) /2 ) ) X%2

ZY 2 -8 KAGKHOKTNLX THRXHZ/PIXKD
RETURN
88
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© SUBROUTINE FMFN(XoNrFMsFN)
REAL HUNLMOOHDUM’N400) ‘
REAL FJ(400)9XBvBSSY(400)vFH(400)1FN(400) : .
FI=3,14159245 . -
KR=X : :

o IF(X=0.1) 10¥10,20" ‘
10 GAMLOG=ALOG(X/2,)40,5772156649 ;
X2=XXX ‘
. X3=X2KK
X 4=XKX3
X5=XKX4
BSSY1=2, K (GAMLOGK (1, ~X2/4i4X4/64 4 )4X2/4. =3 KX4/128,) /FT -
BSSY2=~2,/ (FIKX) 42 X (GANLOGK (X/2~X3/16 4 +X5/3844) =X/ 4+ +1, 25KX3/ 16+
8-3,33333KX5/768.) /P
60 TO 25
20 CALL BESY(X»0yBSSY1sIER) S
CALL BESY(Xr1yBSGY2y IER) ’
25 CONTINUE
BESY (1) =HESY1
BESY (2) =BESY2
[RSSY 1=-B8SY(2)
11
80 I=I+1
REBY (I+1)=2,%(I~1)KBSSY (I} /X-BSSY (I-1)
BSSYIL=RSSY(I+1)
TF (ARG (BSSYI1) ,GE.1,E10), 60 TO 100
G0 TO 80
100 NMAX=I+1
1F (NMAX . GE N)  NMAX=N
N1=N~1
UALL ESLJZ(XByFJyNMAX+1s 0,100 7 IERR y DUN1 » DUM2)
HF Ji=~F J(2)
FMC1) 1,/ (RESY (1)KKZHFJ (1) KK2)
FNCDI= L,/ COBSSY LXK IF J1KKD)
D0 200 I=1,N1
IF(T,GE.NMAX) GO T0 250
DESSY=RGSY (1) -IXBSSY (1+1) /X
DF J=F (D) =TXEJ(T+1) /XR
FMCTiL)=1s/ (BSSY (TH1 ) KK2HFICTHL ) KK2)
FNCIHL) =1,/ CDBSSYXKIHIF JKKD)
OO CONTINUE
%0 CONTINUE
N=:NMAX
RE TURN
END
SURROUTINE ‘BESY’
PURPOSE
COMFUTE THE Y EESSEL FUNCTION FOR A GIVEN ARGUMENT AND ORDER
USAGE
CALL BESY (XsNyBYy IER)
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DEJLRIPTTON OF. ‘PARAMETERS
X -THE ARGUMENT OF THE Y BEBSEY FUNCTION DESIRED
M -THE ORDER OF THE Y RESSEL FUNCTION- DESIRED-
GY ~THE RESUETANT ¥ NESSEL FUNCTION .
TER=REGULTANT ERROR CONE WHERE
IER=0 N ERROR
TER=1 N I% NEGATIVE ?

2 X (8 NEGATIVE OR ZERD
TER=3% Y UAS EXCEEDED MAGNITUME OF 10%%70

0

LER=:

REMARKS | o ‘
VERY SMALL VALUES OF X MAY CAUSE THE RANGE OF THE LIERARY,
FUNCTION ALDG TO BE EXCEEDED
X HUST LE GREATER THAN ZERD
N HUST EE GREATER THAN OR EQUAL TO ZERO

SURRGUTTHES AND FUNCTTON SURFROGRAMS REFQUIRED
HONE

METHEN
RECURRENCE RELATION AND FOLYNOMIAL APPROXIMATION TECHNLQUE
A8 DESCRIRED BY A M HITCHCOCKy “FOLYNOMIAL AFPROXIMATIONSG
TO BEGSEL FURCTIONS OF ORDER ZERD AND ONE AND TO RELATED
FUNCITTONS sy MoToRl sy VoLl L9879 1R, 86-88y AND GoNe WATSON,
A CTREATTSE ON THE THEORY OF BRESSHEL FUNCTIONS’y CAMBRINGE

UNTVERBITY FRESSy 1952 P 62
R R R R R Y T N N TN W IR
BURRDUTING BESY(XeNeRY» IERD)
CHECK FOR FRRORS TN N ANDN X

WWOND180r10,10
Lo LER=0
fIT(X)2190y 190,20

RRANCH IF X LESS THAN 0O/ EQUAL 4
20 IF(X-4.0040+40y30
COMFUTE YO AND YL FOR X GREATER THAN 4

30 Ti=4.0/X
F2=T1%T1
FO=¢ -, 0000037043KT21, 0000 L73545)0%T2 L 0000487613 %T!
1 10001078430k T2-, 001G 3062 %704, 3909403
oL CECG000080F12%XTE 0 0000142C7HI¥T 24, 0000342468) %12
! SOO00RLY 721 K M L 000ATHAIZAIKI D= L 01246694
PlaCCo, 000003.2414% 12, 00002009202% T2+, 00005807259 ) %12
Esa 000223203 Y124, 0029218286k 124, 3909423

e
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1: +.0001064741)%T2=:0006390400)%T2+,03740084°
A=2,0/80RT(X)
B=AXTIL .
C=X-,7853982
YO=AXFOXSIN(C) +BXROXCOS(C)
Y1=-A%F1KC0S (C)+BKRIXSINCC)
80 TO 90
e '
e COMPUTE YO AND Y1 FOR X LESS THAN OR EQUAL TO 4
o
40 XX=X/2,
X2EXXAXX
T=ALOG(XX)+.5772157
SUM=0.
TERM=T
YO=T
DO 70 L=1y15
IF(L=1)50760950
50 SUM=SUMHL . /FLOAT(L-1)
60 FL=L
TS=T-SUM
TERM=(TERMK (~X2) /FLXK2YK (Lo ~1 4/ (FLXTS))
70 YO=YO+TERM
TERM = XX¥(T-.5)
5UM=0,
Y1=TERM
D0 80 L=2,16
SUM=SUM+1 . /FLDAT (L-1)
FL=L
FL1=FL-1.,
§=T~5UM
TERM= ( TERMX (~X2) / (FLIKFL) YK (T8~ 5/FL)/ (T8+,5/FL1))
80 Y1=Y1+TERM
FI12=,6366198
YO=FI2KYO
Y1=-FT2/X4PT2XY1

CHECK TF ONLY YO OR Y1 I8 DESIRED
90 IF(N-~1)100s100,130
RETURN EITHER YO OR Y1 AS REQUIREI
100 IF(NI11051205110
110 BY=Yl
60 TO 170

120 BY=Y0
G0 TO 170

FERFORM RECURRENCE OFERATIONS TO FINI YN(X)

79
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B ;ifj

130 Ya=YQ
Y=Yl
K=}

140 T=FLOAT(2%K) /X
YE=TXYR~YA
IF(ARSIYE)~1 . 0E70)145- 145 141

Ll TER=3
RETURN

145 K=l
IFCR-NYL50» L4609 150

150 Ya=YR
Yh=YC
GO TD 140

1560 RBY=Y(

170 RETURN

180 TER=1
RETURN

190 TER=2
RETURN
END

¥ SURROUTINE RSLJIZIX ¢ FJ v NMAX ¢+ A v NIl v IERR ¢ FJAFRX ¢ RID

¢ THIS I8 ONE OF THREE ROUTINESs *BGLJZ"y "BSLIZ"y AND YRECJZ"H
£ RASFN ON ALGODRITHM 235 FROM “COMMUNICATIONS OF THE A.CoMo"y
TOAUGURT 1944, THIS ONE EVALUATES THED RESSEL FUNCTIONS OF THE
G FLRST KIND FOR REAL ORDEFRS ANL NON-NEGATIVE REAL. ARGUMENTS.

C THE FARAMETERS ARE DESCRLRED AY FOLLOWSy WITH “CD)*y (D) "y AND
£ I/700 0 INDLICAYTNGY RESPECTIMELYy THAT A PARAMETER T8 TO BRE SET ON
GOUNTRYy WXILL T SET RY THE ROUTINEs OK RBOTH 3

L

Gkt all PARAMETERS EXCERT “ND® » *1ERR® » "NMAX" ARE XXX

¢ okk GINGLE PRECLSTON REAL NUMBEFS OR ARRAYS. XX

(M

oD X =+ THE (NON=-NEGATIVE) ARGUMENT T( THE BESSEL FUNLTIONS.
oo J == AN ARRAY 1IN WHICH THE VALUES OF THE RESSEL FUNCTIONS
C ARE STOREDy AS FOLLOWS: LET JUXiR) DENOYE THE VALUE

& 0¥ THE RESSEL FUNCTION OF ORDER R WITH ARGUMENT X.

L THENY FOR L = 1 T ARG(NMAX)H1y

G FJOL) = J(xea 4 CI=-1)%XGIGNINIAX))

c D NMaX - RUFLIR TO *Fav,

€D 1] e REFER TO *r0*. NOKRMALLYy O <= A < 1y BUT THE ALGOR-

£ TTHM WORKSy WITH SOME LOSS OF ACCURALCYr FOR A 3= 1,

o SEE THE PRUOGRAM NOTES BELOW,

Lo NIt -~ THIS GLVES THE NUMBER OF GELGNLIFICANT FTIGURES OF

C AGCHKRACY DESLRED [N THE FUNCTION VALUES.

o) IERR - THES T8 AN ERKOR FLAG WHICH TS SIIT TO O IF THE
INFUT PARAMETERS ARE OKAYy AND TO SOME POSTTIVE
VALUL 1 ONE OF THE PARAMETERS T4 INVALID. REFER
1O OTHE ERROR EXITS AT YHE END OF THE CONE FOR A
M TALLED LUST O YHE VALUES OF KR,

A HURATUH ARKAY USHED Y THE ROUTINE. 1T MUST HAVE

Lo S A e I

) FJnlRX
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*NU* IS5 DONE

KEFERENCES!
1. GAUTSCHTY

BEST AVAILABLE COPY

AT LEAST ABS(NMAX)+1 ENTRIES, )
ANDTHER SCRATCH ARRAY. IT TOO MUST HAVE AT LEAST
ARS (NMAX)+1 ENTRIES

OTHER ROUTINES CALLED?! ¢ ¥ INDICATES A LOCAL ROUTINE )

NRSO1Z -~ INVERSE FUNCTION OF XXLOG(X)

- ROUTINE TO CONTROL UNDERFLOW INTERRUPTS ON THE IBM 360.
-~ (AMMA FUNCTION FROM THE IMSL LIBRARY.

LOGARITHM

ARSOLUTE VALUE

REMAINDER

MAXIMUM OF 2 REALS

THE METHOD OF COMFUTATION IS A VARIANT OF THE BACKWARD
RECURRENCE ALGBORITHM OF J.C.F.MILLER (REFERENCE 1), THE
FURFORTED ACCURACY I8 ODRTAINED BY A JUDICIOUS SELECTION
INTTIAL VALUE *NU® OF THE RECURSION INDEX (REF-
IN THE CODE BY THE VAKIARLE “XNU")y TOGETHER

BITH AT LEAST ONE REFETLITION OF THE RECURSION WITH "NU'
REFLACED RY
FUNCTIONSy THE ACCURALY OF THAT PARTICULAR RESSEL FUNCTION
MAY NETERIDRATE TO LEGSHS THeN "NIt" STGNIFICANT DIGITS. THE
ALGORITHM 18 MOGT EFFICIENT WHEN X IS SMALL OR MODERATELY

NEAK A ZERD) OF ONE OF THE BESSEL

THE AROVE FARAGRAFH IS TAKEN FROM GAUTSCHI‘S PRESENTATION
OF ALGORITHM 236 IN C.AC.My THE SELECTION OF THE INITIAL
WITH THE AID OF THE FUNCTION NESO1Zr ALSD

BY GAUTSCHI (AND CALLED "T* RY HIM). IN THIS CODE, THE
FOLLOWING SFECLAL CASES HAVE REEN ADDED?

X=0 WHEN MMAX * 0 OR A=0

Az0 AND NMAX € 0

THE ALGORITHM WORKS IN THIS CASEy RUT THE
INITIAL CHOICE OF °*NU®* IS NO LONGER

OFTIMALYy AND SOME ACCURACY IS LOST, SIMPLE
TESTS INDICATE THAT ONLY A FEW DECIMAL
FLACES ARE SACRIFICED AT WORST. A LIMIT OF
*ARIG* IS PLACEL ON A TOD AVDIN QVERFLOW IN
THE GAMMA FUNCTION. TO AVOID COMFLICATIONSS
NMAX 16§ REQUIRED TO RE NON-NEGATIVE IF A& > 1.

*RECURSIVE COMPUTATION OF SPECIAL FUNCTIONS®,
UNLVERSITY OF MICHIGAN ENGINEERINT SUMMER CONFER-
ENCESy NUMERICAL ANALYSISs 1963,

CRRKRRAORK KA KK HACKKKCKRIOKRN KK KKK KKK KHOKA KKK KA KR KKK KK KKK KKK N KKK KKK KKK KK
SURROUTINE BRSLJZ(X v FJ » NMAX » A » NI » IERR » FFJAPRX » RR)
REAL NRS01Z
DIMENGION FJ(1) v FJAFRX(1) » RR(1)

NEVEN v AFLAG
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BEST AVAILABLE COPY
T DATA ONE/ 1110/ , TWO7200/ y HALF/.5D0/ '
¥ TEN/1000/ v SMALL/Z1D-15/ » C1/.7357610/
* C2/1.,3591007 y C3/2.3026107 . v CA/1,386310/
X ZERD/ONO/ r ARIG/SED0O/ y TWOPS/R2.500/7  «
k ALERH/3777 0000 0000 0000 0000k/y FOUR/4D0/ y

¥  CH/2000 4000 0000 0000 0000R/
BRAKAAK
¢ INITIALIZE THE ERKOR FARAMETER » TURN UNDERFLOW OFF » AND CHECK
*f THE PARAMETERS FOR_VAL LILTY AND FOR THESE SPECIAL CASESS

. U © Ay X=0 WITH NMAX > 0 OR A=0
G Be n#G ANIE (dMaX < 0

UOTHD Luit BELIRERATELY AVOIUS TESTING MORE THEN ONE THING IN EACH
o LGCAL TR RELOW BECAUSE OF [.RB.M. FORTRAN IHEFFICIENCY IN THIS

£ REGARD,

OO0F Axly NMAX MUST NOT RE NEGATIVE,
Erlksookk ’
JERR = O
N UALL UNDER2CAOFF y SAVE)
IF(A LT ZERDY GAQTO 999
I CA LGT. AaRIG) GOTO 998
1F(X A Te ZERQD) GOTO 997
TH{NMAX (GE. O YOBGTO 10
TFn Qe ZERODY GOTO 10
I (A LEL SMALL)Y GOTO 996
LFn JGE, ONE ) GOTO 994
HEH [F(X JGT e ZERDY GOTO 40
TFONMAX JGEY O )y 6OTO 20
HREY LOT. ZERD) GOTH 995
LS & ¥ ¢
GOIF NMAX - 0y NMAXT T8 SET HERE S0 THAT ONLY J(X3A) IS CALCULATEN,
o VHE LOUF FOLLOWING STATEMENT 800 THEN CALCIL.ATES THE REMAINING
O FUNCTIONS BY A STMFLE RECURRENCE .
G LT A=0y NMAXT I8 SET SO THAT JCX5AEN)y N0y oo r~NMAX ARE

£ LALCULATEDS THE COOE AFTER 800 THEN REVERGES THLE SIGN OF EVERY
G OIHER ONE,

G

C WE FIRGT HANDLE THE CASE X=0.

LRk ARk

Riv NTEMP = TARS(NMAX) + 1
I 30 U = JyNTEMP

30 P PR
Wy L0 ZERDY FJUC1) = ONE
GOTO 1000

O Rksiok ek

40 AFLAG = (N LEQL. ZEROD)  JAND, (NMAX LT 0)
NMAXT = NHAX
LITENMAX L fe 0) NMAXT = 1
NTEMP = MAXO(NMAXtLy 1)
IFCONOT. AFLAGY GOTO 60
NB&EXT = - NMAX

i
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BEST AVAILABLE COPY

NTEMF = NMAXT + 1
60 EFSLON = TENXX(~ND)/2
0no 80 I = LyNTEMP
80 FUAFRX(T) = ZERO
Call MGAMMA(ONE+A » RESULT » IER)

SUM = (X/TWO) XXxA/RESULT
Nl = C3%ND + CA4
R = ZEROQ
IF (NMAXT +GT. 0) R = NMAXT % NBSO1Z(HALFXI1/NMAXT)
8 = 02 % X X NBS01ZC1xDisX)
LRk k

U THE RECURSION INDEX "NU* IS DELIRERATELY CALCULATEDI A% A FLUOATING
C FOINT NUMBER RATHER THAN AN INTEGERy AND ALL COMPARISONS WITH IT
C NARE DONE A8 FLOATING POINT COMPARISGONS.
Cookeksek
ANU = ONE + AMAXL(RyH)
XLIMIT = XNUlI/2
TWOA = A + A
XN = ZERO
FL = [INE
CRXREXYE
o LI QUTER ITERATION LOOP STARTS HERE.
£
(™
& THE FOLLOWING LOOP 15 DONE ENTIRELY IN FLOATING POINT FOR
¢ EFFICIENCY.,
CRRREKXKX
200 XN = XN + (ONE
Fl. = FL. X (XN + AY/(XN  ONE)
TF(XN LT, XLTMIT)Y 6OTO 200
OLRFL = FL

OLOXN = XN
&

N = 2%XN

XN = N

NEVEN = ,TRUE,
R ZERD
B JERG
Yoo ro= TWO/X
CXKKRE X
£ 1IN THE FOLLOWING LOOF» FHE QUCCESSIVE VALUES OF *R* ARE PARTIAL
C FRACTIONS OF A CONTINUED FRACTION,
CRRKRKKXK
300 DENOM = TEMFL % (A + XN) - R
IF(ABS(DENDM)Y JLE, SMALL) DENOM = DENOM + SMALL
R = ONE/DRENOM
FLMRBIA = ZERO
IF CoNOT. NEVEN) GOTD 400
FL = FL ¥ (XN + TWD /(XN + TWOA)
FLMERDA = FL. ¥ (XN + &)
400 8 = R X% (FLMBDA + &)
IF(N JLE. NMAXT) RR(N) = R
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N =N -1
XN = XN - ONE A
NEVEN = +NOT. NEVEN
IF(N LGE. 1) GOTO 300
Lraokkkks
FJ(1) = SUM/(ONE + &)
TFINMAXT JEQ. ) GOTO 400
) 500 N = LyNMAXT
300 FJNERLY = RRONY X FJON)
Wtk
¢ THE LATEST AFFROXIMATIONS ARE CHECKED FOR IMFROVEMENT
LRARNKK
&GO my 800 N = LyNTEMP
TFCARG U JIN) ~ FUAPRX(NY) «LE. ARSFJNYIXRERSLON) GOTO 800
wy 700 M o= LyNTEMIP®
70¢C FJARRXIM) = FJ(M)
X m OLIXN
Fl. w DLUFL
XLAIMBY = XLINMLT 4 TWORS
GoTe 200
ALY CONTINUE
[FONMAX JGE. 0) GOTO 1000
CRRAOR K
GOaF NMAXAOy WE HAVE FINTSHED OBTAINING J(X3A)Y v AND NOW
G LTERAGTE TO FIND ALL THE RESIRED FUNCTIONS,
P -
GCOFIRGY W CHECK FOR O THE SPECTAL CASE a=0.,
PN &9 <
IFOONQT . AFLAG)Y GOTO 850 .
NMAXT & ~NMAX + 1
w20 N o D2yNMAXT Y 2
620 FJAEN)Y = = PN
HOY0 1000
Colsksoksx
Q40 FJJC2) = TWO X A X FICLY /X = FJGH
. [FCNMAX JEQ. ~1) GBOTO 1000
CRXRKKK
G OVHRE FOLLOWING CORE I8 & RENDITION OF THE LOOF
(N 00 200 N = 2y NMAXT
(N 200 FJNFL) = (2/X)XCA-NIXFJ(N) —~ FJI(N~1)

G

C WLIH DULRFLOW UFETFUTION, AS GOON A8 THE NUMRERS GET TOO 8IGy THEY
Uoakl SCaLED PUWE et A& FOWER OF THE MACHINE BRASE, S0 A8 TO AVOID
COHO8E QF PRECISIGNY AND THE CALCULATLON CONTINUES, A SEFARATE LOOR
L. VRANSFORMS THE SCALED VALUES TO TUHE CORRECT OUTPUT VALUESs SETTING
CoTOO-LARLGE ONES U0 FLUS OR MINUS TNFINLYY.
£ iRk
NMAXT = -NMAO 4 L
VNG b ) .
ML = e )
HEI 1 R 0%

g e
S B Do I A i R AT %, RN 0y S QUK S S T (A S s DA b e oot e
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BEST AVAILABLE COPY
i ' * \ .
XNML = TWO :
C .
0 880 N = 3,NMAXT - . .
: FJUN = TEMF1 X (A - XNM1) X FUNMI -  FUNM2 -
- ; FINM2 = FJUNM1 : :
: FJNiL = FJN ) . ;
! FJN) = FUN . .
? XNM1 = XNM1 + ONE 4 ,
‘ ‘ RR(N) = OVER ‘ Ca
IFCABS(FIN) .LT. €5) GOTO 880 ‘ . ’
OVER = OVER + ONE L
FINML = FUNML/CH ;
FUNM2 = FUNM2/CS ‘ ;
880  CONTINUE ’ ‘ ‘ \
C
I CNMAXT WLE. 3) GOTD 1000
OVER = ZERO .
SCALE = ONE :
i ,
' N0 900 N = «oNMAXT ¢
IF(OVER .LT. FOUR) GOTO 890 3
FJ(N) = SIGN(ALEFHsFJ(N))
GOTO 900
890  IF(RR(N) JGT. OVER) SCALE = SCALE X C3
: FJCN) = FJ(N) % SCALE
g OVER = RR(N)
: 200 CONTINUE
: GOTO 1000
CRRRKRK
. C ERROR EXLTS FOLLOW, MEANTNGS OF THE EXIT VALUES OF *IERR" ARE!
: » 0 ¢ NO ERROR
P v Lt a<o
, v 2% A > ARIG ,
e 31X <0
y 4 ! NMAX < 0 AND 0 < A < SMALL
C 5 ¢ X=0> NMAX < 0» ANI' A X 0
» 6 1 NMAX < 0 AND A »=
CREKKKK
994 IERR = LERR + 1
995  LERR = IERR 4 1 ;
994 [ERR = IERR + 1 {
997 LERR = [ERR + 1 g
998  [ERR = IERR + 1 é
¢6%  JERR = IERR + 1 i
L0000 CONTINUE |
B CALL UNDERZ(’S’,SAVE) !
RE TURN
ENIt
REAL FUNCT1ON NBSOLZ(X)
CXRKIKK
;  THIS IS A NUCLEUS FOR THE THREE RESSEL FUNCTION ROUTINES
; 0 "BSLJZY » *BSLIZ® » *BSCJZ* BASED ON ALGORITHM 234 FROM
85 2
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BEST AVAICABLE COPY

C "COMMUNTCATIONS OF THE ACM.", )
C IT EVALUATES THE INVERSE FUNCTION OF XxLOG(X) FOR X = 1 70 AN
-0 ACCURACY OF apouUT ONE FER CENT. ) -
CIOR THE INTERVAL O <= X <= 10 A FIFTH DEGREE AFFROXIMATION I
{0 USETY ORTALINED RY TRUNCATING AN EXFANSION IN CHERYCHEV POLYNOMIALS.
N X » L0y & DIFFERENT APFROXIMATION IS8 GIVENy A5 CAN BE SEEN.
[ # 8 ¢
BATA 0L/, 000057294100/ y C2/7-.00174148110/ y
X U3/ 020844500/ y 04/~ 12901300/ '
¥ CS7.85772700/ y C&/71410125N0/7 '
X AlLFH&/ 77510/ y TEN/1ONO/
IF(X 6T, TEN) 40 70 10
NEROIZ = (CLCCIRX + C2Y%kX + CEIYRX + CAI%X + CH5IXX '+ Cé
RETURN
1 TEMPL = ALOGOX) —ALFHA
TUMP? = (ALFPHA-ALOG(TEMPL) )/ (L+TEMPL)
NREO1Z = X/((L+TEMF2)XTEMFL)
RETURN
END
SUBRRUTINE FPROGL(RHO » AMFY y PHASEY » AHPYDE » FHAENM)
N PROGRAM TO COMFUTE THE MUTUAL ADMITTANCE BETWEEN TWO IDENTICAL
W nXTAL. SLOTS ON A CYLINIDER ¢ UT MODAL. SOLUTION)
REAL KOsRZyRT» L2y KZRTRO
COMPLEX  f1eY1R2yPSIEXFYYNL2
REAL. F1C400)y FMCA00) s FNCAD0) yAIMAGYREAL yATAN2
COMMON/DATAZ/ROPNCYCLE s FHIO»Z0» Y1l s MMAX AR
G INFUYT PARAMETERS?
£ NO=WAVE NUMRER IN FREE SPACE IN TERMS OF 1/INCH
o NCYCLE=NO, OF SUBSECTIONS RETWEEN ANY TWO SUCCESSIVE ZEROS OF INTEGRAND
L IN TRAFEZOTDAL RULE FOR NUMERICAL INTEGRATION
i AkR= SLOT DIMENSION BRrA SAINCH-
n RHO=RADTUS OF CYLINDER <INCH=
N FHIU=ANGULAR SEPARATION OF THE SLOTS (CENTER TO CENTER) <RADIAN:
(N 0= SEFARATION OF THE SLOTS IN Z-DIRECTION SINCH>
(9 Y11= NORMALIZAFLION FACTOR
C MMAaX= MAXIMUM NO. OF TERMS WHTCH HAS HEEN USED IN CALCULATION OF
. INFINITE SERIES
PI=3,14159265
YO=1.,/0L20.%P0)
P REN=3,E10XNO/ (20 XFTXD  54)
ARA=NOXA
BRRB=KOXR
RK=KOXRHO
L PHIA=HALL ANGULAR WIDTH OF THE SLOT

JREESN

FHEVSIXASINCAY (240 XRHDD)

CObUTATION OF INFINTVE SERIES

MMA XL 2=MMAX+L

10 100 M=1yMMAXL2

St |

Wik Q1) GO T 99

F1M=( 08 (M1IKPFHIO) ¥ (SIN(MIXPHIA/ 2, )/ (MLXFHIA/Z2, ) ) XXK2
G50 T0 100
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BEST AVAILABLE CCPY
". N'}, A":‘“ “’~,7__
F1(M)=0,5

CONTINUE ,

INTEGRATION :0F PSI(KZ)X%R1(MsKZIXEXF(~JXKZ%Z0) BETWEEN 0 AND KO

DELTA= NEIGHBOURHOOD OF THE SINGULAR POINT KZ=KO IN WHICH THE INTEGRAL
HAS REEN CALCULATED ANALYTICALLY

HELTA=1,E~7%K0

NSECT1=NO. OF SAMFLES IN THE INTERVAL (0.sKO-DELTA).

NSECT1=(IFIX( (B+ZO+RHD)IKKO/FI)+2IKNCYCLE

DKZ = (KO~DELTA) /NSECTL

NSEGT=NSECT1+1

11=(04r04) .

T1=F[RST INTEGRAL (RETWEEN 0. AND KO)

o 200 I=1yNSECT

NZ=(I~-1)%DKZ

IF(RZJERL0) KZ=0.00001%K0D

CIN=1.

IF((I.EQ.1) . OR (I.EQ.NSECT)) CIN=0.5

RT=8QRT(KOXKO-KZXKZ)

TF(ABS(KZXB/2.,~F1/2+)LE.1.E~-8) KZ= 1.000001*NZ
PSIEXP=(COS(RZXB/L2:)/C((KZXB/24)XX2-(PI/24)%X2) )XX2XKCINKDKZ
&*CEXP((O.!“i.)*NZ*ZO)

MMAX1=MMAX

RORT=RHOXKT

COMPUTATION OF FM(N)=1. /(JN(X)**“+YN(X)**°) AND FN(N)=1./(DJN(X) %%2+
DYNCX)¥%2) FOR X=RUKT AND N=0 TO MMAX1 § WHERE MMAX1 I8 A NUMRER AFTER
WHICH THE CONTRIRUTIONS OF FM(N) ANR FN(N) TO THE INFINITE SUM

BECOME NEGLIGIBLE, MHAX1 IS A FUNCTION OF THE ARGUMENT X AND IS ALWAYS
LESS THAN OR EQUAL TO MMAX. MMAX1s FM(N) AND FN(N) ARE CALCULATED

BY SURROUTINE FMFN(X+MMAX1eFMyFN).

CALL FMFN(RORNT »MMAX1sFMyFN)

Do 200 M=1sMMAX1

Mi=M~1

T1=T14FN(M)XPSIEXFXFL (M)

COMFUTATTION OF I2 (BRETWEEN ZERD AND ETAMAX # WHERE ETAMAX IS A NUMBER
AFTER WHICH THE INTEGRAND BECOMES VERY SMALL)

I12=0,

ETAMAX=14./(20~-R)}

THE INTEGRATION IS CARRIED OUT BY TRAFEZOIDAL RULE. AT FIRST THE WHOLE
RANGE OF INTEGRATION (O, ETAMAX) IS DEVIDED INTO TWO SUBRINTERVALS ¢
(0.sETAL) AND (ETAL+ETAMAX) » WHERE ETA1=ETAMAX/2.,., THEN THE NUMERICAL
COMPUTATION OF THE INTEGRAL [S5 FERFORMED IN THESE SURINTERVALS WITH THE
NO. OF SAMFLES IN THE FIRST SURINTERVAL TWO TIMES THAT IN THE SECOND ONE.
ETA1=7,/(20-R)

NSECT1=(IFIX(SQRT(KOXKO+ETA1X%k2)XRHO/FI)+2)XNCYCLE

DETA1=ETA1/NSECT1

DETA2=2.XDETAL

NSECT2=TFIX¢{ (ETAMAX-ETA1)/DETA2) +1

NSECT=NSECT1+NSECT242

DO 300 I=1yNSECT

[F(I.LEJNSECT1+1) GO TO 220

ETA=ETA1+(I-NSECT1-2)%DETAR

DETA=DETA2
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220

240

300

GO T 240

ETA={I~1)XNETA1

IF(ETALWER QL) ETA=0.0001/4

NETA=DETAL

GCIN=1,

IFCCTLWEQ. L) WORV (T VEQRLNSECTI41) JORW (T.EQ.NSECT1+2) .OR, (I.EQ.NSECT)
£ CIN=Q045 v
PSEX=(COSHETAXR/2.) / CETAXKB/2 0 XKXK24 (PL/240 ) KE2) )XK2XNETAXCIN
RXEXFC-ETAXZ0)

NT=8QR T (ROKKOLETAXXD) -

MMAX 1 =MHAX :

CaLl FMFN(RHOXKT » MMAX1 rFMeFN)

I} 300 h=1yMMAX1

MM~ ;

{2« TOHFFNOMD XPSEXKF LMD

YI2= (L L4 (0. o 1o JXI2IKAXKRXYD/ (FIKROXRHOXX2)

NORMAL LZATION OF THE PHASE OF Y12

YNL2=YLIDKCEXF (€0« 9 14 )X (RKOXGART (ZOXZ0+ CRHOXPHIO) X%2)))
COMPUTATION OF e ACTUAL FHASE ‘FHASEY’ AND NORMALIZEDR PHASE ‘FHASNM’
OF Y12,

FHASEY=ATAN2 (ATMAG(Y12) yREAL(Y12))X180./PI
FHASNM=ATAN2(ATHAG(YNI2) »REAL (CYN12)) X180, /FY

COMFUTATTION OF THE MAGNITUNE OF THE Y12 IN TERMS OF <MHO> AND <URX,
AMPY=CARS(Y12)

AMPYDR=ALOGIO{ANPY/ARG(YL11)) %20,

RPHTR=KOXRH{XFHIO

aOR-=KO¥70

PHIOD=FHLOKLB0. /P

FETURN

LND

GUBROUTINDG PROGL (RN » AMPY y PHASEY y AMP YD Ry PHASNM)

PROGRAM FOR COMFUTATION OF THE MUTUAL ADMITTANCE RETWEEN TWD
TIENTICAL CIRCUMFERENTIAL SLOTS ON A CYLINDER(U1 MODAL SOLUTION)
REAL BUsRZeRTy 12, KZKTRO

COMPLEX  TUeYID2yFGIEXFYYNLDR

RLAL FLA00)y PH(A00)sFN(A00) s ALMAGYREAL s ATAND
COMMON/DATAZ/NOyNCYCLEyPHLO» 20 Y11y MMAX»AYR

INFUT PARAMETERS ¢

RO=WAVE NUMBER LN FREE SFACE IN TERMS OF 1/INCH

RHO-RADIUS JF CYLINNER - INCH:

FHIO=ANGULAR SEPARATION OF THE SLOTS (CENTER TO CENTER) <RADIAN:
Z0= SEPARATLION OF THE $1.07T8 IN Z-DIRECTION SINCHS

Yit= NORMALIZATION FACTOR

MMAX= MAXIMUM NO. OF TLRMS WHLICH HAS REEN USED IN CALCULATION OF
INFINLTE SERIES

NCYCLL=NO. OF SUBGECT [ONSG BETWEEN ANY TWO SUCCESSIVE ZERDS OF INTEGRAND
IN TRAPEZOIDAL RULE FOR NUMERICAL INTEGRATION

FI=3.14159265

YO=1,/7¢120.%F1)

FRLQ=Z.ETORRO/ (20 k1D 044

ALA KOXNA

hRThOXR
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FHIR=HALF ANGULAR WIDTH OF THE SLOT
SHIR=ASINCA/ (2. XRHO))
COMPUTATION OF INFINITE SERIES
MMAX12=MMAXt1
N0 100 M=1,MMAX12
M=M=
EFM=1.
WM.EQ.1) EPM=2,
PHYBR1=PHIE
[FCARG(PHIEXM1-PI/2.) LE+1.E~7) FHIB1=PHIEX1.001
10¢ FI(M)=COS(M1I*FHIO) ¥ (-FIXCOS(MIXFPHRIBIL)/(C(MIXRHIBL)YXX2=(FI/24)X%X2
&) IKX2% (1. /EFM)
INTEGRATION OF PSICKZ)KRI(MyKZ)KEXP(~JKKZXZO) BETWEEN O AND KO
DELTA= NEIGHROURHOOD OF THE SINGULAR FOINT RZ=K0 IN WHICH THE INTEGRAL
HAS BEEN CALCULATED ANALYTICALLY
DELTA=0.0001%K0
DELTAl= NEIGHROURHOON OF THE SINGULAR FOINT KZ=K0O WHERE THE INTELRAND
VARIES RAFIDLY AND ‘NIELTA’ SAMFLES HAVE BEFN USED.
NELTA1=0,01%KD
NDEL TA=100
DKZ2=(DELTA1-DELTA) /NNELTA
NSECTL= NO. OF SURSECTIONS BETWEEN O AND KO-DELTAL
NSECT1=(IFIXC (R ZOFRHOIXKO/P T +2)RNCYCLE
BRZ1=(KO~DELTA1) /NGECT1
NSECT=NSECT1+NHELTA+R
T1=FIRST INTEGRAL (RETWEEN 0. ANDIN KO)
I1=(0.r04)
Do 200 I=1,NSECT
IFCLL.LEWNSECTLIHL) GO TO 120
KZ=KO~IELTA1+(I-NSECT1~2)XDRZ2
DRKZ=DKZ32
GO TO 140
120 RZ=(I-1)XDKZ L
TF(RKZ.EQ.0) KZ=0,00001%K0
DKZ=DKZ1
140 CIN=1,
IFCCTWEQ. L) WOR (T EQ.NSECT141),0R. (I EQ,NSECT14+2) . OR, (I,EQ.NSECT)
%) CIN=0.G
NT=SQRT(KOXKO~KZXKZ)
PSIEXP=(SIN(RKZXR/24)/(KZXR/24) IRX2IXCINKDKZXCEXP ( (O r~1 4 ) XKZXZ0)
MMAX1=MMAX
ROKT=RHOXKT
COMPUTATION OF FM(N)=1./CINCXIXRZHYNCXIXX2) AND FN(N)=1./C(DINCX) %24
DYN(X)%%2) FOR X=ROKT AND N=0 T0O MMAX1 # WHERE MMAX1 IS A NUMBER AFTER
WHICH THE CONTRIBUTIONS OF FM(N) AND FN(N) TO THE INFINITE SUM
BECOME NECGLIGIBLE. MMAX1 IS A FUNCTION OF THE ARGUMENT X AND IS ALWAYS
LESS THAN OR EQUAL T0 MMAX., MMAX1s FM(N) AND FN(N) ARE CALCULATED
BY SURRCUTINE FMFN(XyMMAXLsFMsFN)
CaLL FMFN(ROKT»MMAX1sI"MsFN)
KZKTRO=(RKZ/ (K TXKOXRHO ) ) 1k2
DO 200 M=1,MMAY1

89




C
M

2090

o

240

300

BEST-AVAILABLE COPY

MMl .-
RIS (L ZKTRRZ IR CFMOM) HMLKK2KKZKTROXFN (M) )

IL=T LHRIKFSTEXPREL(M)

TL=(2 0 RKR0/ CFIRRHO) YR T1-F L1 KCEXF (0o =14 )KKOKZD) K (RIXFL/ (2, %K0))
FRCSINCKDRB/2, )/ (KOKB/2) YRR/ (R oK (0. 5772156649 +ALOG (RHOXSQART . %
BEKO/2,)00))HALOG(RELTA) ) :

COMPUTATTON OF 12 (BETWEEN ZERO AND ETAMAX 7 WHERE ETAMAX 16 A NUHMRER
AFTER WHICH THE INTEGRANL RECOMES VERY SMALL)

L=Q,

EYAMAX=14, / (20~
THE INTEGRATION 18 CARRIED OUT RY TRAFEZOIDAL RULE. AT FIRST THE WHOLE
RANGE OF INTEGRATLON (0. ETAMAX) IS DNEVIDED INTO TWO SURINTERVALS ¢

COLvIFTALY ANN (ETALsETAMAX) » WHERE ETA1=ETAMAX/2.. THEN THE NUMERICAL
COMPUTATION OF THE  INDTEGRAL 18 PERFORMED IN THESE SUBINTERVALS WITH THE
NG, OF SAMFLES IN THL FIRSY SUBTNTERVAL TWO TIMES THAT IN THE SECOND ONE.
ETA1=7 .0/ (20=]1)

NBECTT 2 CHF DCRART (ROXKUM ETALXK)Y KRHO/F L) +2) kNCYCLE

DETAL=ETAL/ZNSECT
MTAHY= 2. XU TAL
ST 2 TR EX CCE TAMAX-ETATY ZDETAR) #1
PRECTSNSES TLANSEG (242

GO 300 I=leNSEUT

L GVLE eNSECTE+L) 6D T 220
ETA=ETAT #{ T-NSLCTI~2)XDETAD

DETA=DE AL
B 10 Va0

Lin=(]l-1)XDETA

TRJETAVERGOL) ETA=0,0001/R '
DETA=UIETAL

GIN=1,

FEC{ W EQV L) W OR (1 EQWNSECT141) JOR (I EQ.NSECT1422) JORV (TLEQJNSECT) .

%) CIN=0.5
POEX = (SINHCETAXR/2,)) ZCETARR/ D) YXR2XKEXP (~ETAXZO) XDE TAXCIN
RT=0QRT (ROXNO+E TAX%2)
ETRTRO=(ETA/ (RHOXKOXKT ) ) kX2
HMAX L =MMNAX
CALL FMFN(RHOXKT » MMAX1 v FM» FND
) 300 M=Ll.MMAXI
tfl=f--1
Rz CRTRNT ) X (FMOM) ~MIXMLIXC TRTROKFN(M) )
12=124F L (M) XR1XPSEX
Fls L2%2 ¥R 27 LXRHD)
Y125 (T1HC00y 1o IXIDVRAKBRYD/ (2, XF TXF DFRHO)
NORMALIZATVION OF THE PHASE OF Yi1.
YNIZ2=YLI2ROEXP (04 v 1) XCKOXLART (ZOXZO0H (RHOXPHL0) %%2) ))
COMPUTATION OF THE ACTUAL FHASE “FHASEY’ AND NORMALIZER PHASE ‘PHASNM’
OF Y12, ’
FHASEY=ATANL (ATMAG(Y12) yREAL (Y12))%180./FP1
FHASNM=ATAN2 (ATMAG(YNLR) »REAL (YN12))X180./7]
COMFUTATION QF THE MAGNITUDS OF THE Y12 IN TERMS OF MHO- AND <DR>,
AMPY=LCARG(Y D)
AMEYOR=ALOGLC (AMPY/ABG(Y11))X20.
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RFHIK=KOXRHO¥FHIO
ZOR=KOXZD
FHIOD=PHIOX180,./FI
RETURN

ENn

PHIS SURROUTINE IS USED TO CALCULATE THE FUNCTIONS CVFyCUFyCVIF»CVUPFyCUFF

SURROUTINE FOLK(X)

IMPLICIT REAL(A~ByII=HyF-Y) yCOMFLEX (C»2Z)
REAL TN(10) s TNPI(10)
COMMON/CF/CVF » CUFy CVIF y CURF y CUPF

>

COMMON/DATAL/TNs TNFIsRHDYC1yC2/F22 TOFyCCy RANN Y DEG

F1=8QRT(X)

FI=XKKLWS

LUF=0.

CUF =0,

CUIF=0,

CUFE=0,

CUPE=0,

IO 20 N=1y10

ZTN=TN(N) X1

ZTNFI=TNFI(N)IXC1
CI3=CEXF(CMPLX(0. 0y =X)XZTNFI)
CA=CEXF(CMPLX{0,0y~X)XZTN)
CVUF=CVF+C3/ZTNPI

CUF=CUF+CA

CVIF=CVIF+C3

CUPF= (1. 0-CMPLXC(O Oy 2XXDIXZTNFIIRCI/ZTNPIHCUPF
CUPF=(1,0-~CMPLX(0.0s2.%X/3)XZTNIXCA+CUFF
CONTINUE

CUF=F2XFL1XCVF/C2

CUF=2 4 KF2XF 3XC2XCUF

CULF =0  kF2KFSKCIKCVLF
CUFPF=F2XCVPF/(2,XF1%C2)
CURPF=3, XF2xF 1kC2XCURF

RETURN

ENTRY FOCK1

XTHREE=XXX%3

F1=8QRT(X)

F3=XTHREE

Z1=F2XC2XSART(FI)

Z2=CHPLX(0,091,0/60. YXXTHREE
Z3=F2kXXK4 .5/ ((L2%64.)

Fa=F3%K2
CUF=1.0~21/4+7XZ2247 4+ X23/8+~4,141E-3%F 4
CUF=1.0~Z1/2++25,XKZ2245 . %23-3,701E-2%F 4
CUIF=1,0421/2,~35,¥22~7 . XKZ3+4 ,555E~2%F 4

O N SRR PN
R T

-

CUPF=,3758F1X72/CC+21 JXZ2/X+863 %23/ (16 . %X) ~2+ ABSE~2%F4/X
CURF=,78XF 1%F2/CCHCMPLXC0O. 02 1, 25XXk%K2) +22,5%Z3/X

~2.221F-1%F4/X
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END

SUBROUTINE PLANARCIJyZ5UM)

IMPLLGET COMPLEXC(CyHyZ) yREAL (AR D~G s F-Y)
REAL. 20 ‘
COMMON FIyTZLyTZ29TYLyTY2eRy THETHA
COMMON/DATARZ/As By 2Oy YO

GO T (10s20)v 1.

XML CTZ2~VZLY /RIXXK2

XM=, =3 o XXM

XRL=XM2 /IR

XM= XM XML/ REK2

HA=CEXP COMPLXC(OJEQy =R YKOMPLX CXRLy=XIM) /(240 « XRXF TXX2)
FACTOR=COS(FIXKTYL/M)KCOS(PIX(TYZ-YO)Y/A)
ZHUM=ZSUMHFACTORXHA

RETURN
ZAL=OMPLXCL o ZTKK2y Lo ZRIXK R ~F 0 XALHD)
ZADN=0EXPCOMPLXCOWEQy~RIYXK(ACOR+ZAL) /R
HAs(O v 1 ) RZAJ/ (240 XFLIXX2)
FACTOR=COSPEIRTZL/BIXCOSPIX(TZ2-Z0)/R)
ZEUM=ZOUMEFACTORXHA

RETURN

LN

G OTHIS SURROUTING 14 USED TO GET THE “"CYLINDRICAL® SOLUTION

SUBROUTINE CYLINICIJy ZEUM)

LML ICTT COMPLEX(CyHyZ) yREAL (A-By -Gy F-Y)

REAL Z0vhA

REAL TNCLO) y TNPECLO)

COMMON FLeTZ1eTZ2yTYLsTY2yRy THETHA
COMMON/CFZ7CVEy CUF Yy CULE y CVPF » CURF
COMMONZDATAL/TNy TNFIsRHOYC1yC2yF2y TOFYyCCy RADNy DEG
COMMON/LIATAR/ Oy Ry 209 Y0
COMMUON/DATA4/ACO2y SN2y TN2yR2yACONL » ACONZ2» COL»C10
ZOR=C0, 9 ~1  YRCEXP(CMPLXCOEQy~R) ) /(240 s XKRXPIXX2)
=0

OMGLE=ATAND (ARG (TZE-TZ1) yARS(TY2-TY 1) ) XDEG
TECANGLE L1.7.89.99) 60 TO 10

1T,

Uil THA=PTRE? . 297180,
ZW=CO0L/RFCEXFCOMPLX (O WEOQy~FI/Z4.EQ) ) XSART (FIXR/24) /RHO
RHOG=RHD/NACO2

KA RFARS O (2 KRHOGXX2) )% (1. /34))

dn, LT/ GO TO 20

CaLL FOCKLKA)

G2 V0 v

cALL OeRERA)
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30

40

21
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500
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BEST AVAILABLE Copy

IF(IT.EQ.1) GO TO 40

ZW=CO1LX (1. /ACO2) /RX(CUF-CVIFXSN2)

GO TO (21922+23524)y1I0F

ZHRL1=CMPLX (1.EQy—-1. /R)XCVF

ZHR2=CUF /R%%X2
ZHR3=C01/(SART (2. EO0)XRHO)XXACON2
ZHRA=ACO2KKACON2XCVFF+EN2X CCUFF/ACO2%XX(1,/734))
HB=ZGR¥% (ZHR1-ZHR2+ZHB3I%ZHR4)
ZTMA=CO1XCUPF/ (BART(2,E0) XRHOG ) kXACON2
HT=CO1XZGR/RX(CUF+CMFLX (1 .EQy=24 /R)XCUF+ZTM1)
IFCLJLT.2)GOTO 25

HZ=HRXACO2HHTRENZ

GOTO S00

HIFHI=HEXSN2+HH TRACH2

GO 10 H00

HE=ZGR¥CVF

HT=COLXZERXCUF /R

WL LT 2)6G0TO 26

HZ=HEXACOQHHTRENZ

GOTO 500

HPHI=HEBXSN2+HTXACO2

GO TO 300

2ZTM2=CO1%(1.,~3,%XSN2) /R

IF(IJLT 26070 27

HZ=ZGRXCVFX (ACO2HCOLK (2. ~3 4 XACO2) /R)

GOTO 500
HFHI=ZGRX (CUFX(SN2+ZTM2)+2ZW)
60TO 500

IF(IJLT 6070 28
HZA=CVUF X (ACO2XCLOH (2, =3 kACO2) XCMPLX (L /R291,./R))
HZB=CO1X(CVFF/(SQRT (2, ) ¥RHOG ) XXACON2)
HZC=CMPLX(~11./12.%AC02y (~114/64-2, /3, KTN2+ACONLIXACD2) /R)
HZ=ZGRX (HZA+HZBXHZL)
5070500
HEA=CUFKCMPLX (SN2+ (2, ~3 . k8N2) /R2y (2, -3 X8N2) /R)
HF@=CO1X(CUF~CVF)/ACO2/R
HPL=CO01/ (SART (24 YXRHOGXACOZ) XXACON2
HP1D=(CVPF/ACO2X%X(1./3.))
HF2D=CMFLX (44 /3 XSN2-11,/12kSN2XALCO2,
$ +75%AC02~7, /712, XSN2HACONLXSN2KACO2)
HE3D=C01/12./RXCUFF/ACO2XX(L,/34)
HPAD=HFCX (HF 1 DXHF2DHHP 3D
HPHI=ZEGRX (HPA+HFQ+HFALD)
ZGREEN=HFHI
IF(IJ.EQ.2) ZGREEN=HZ
FACTOR=COS(FIXTY1/A)XCOS(FIX(TY2~Y0)/A)
IF(IJEQ DFACTOR=COS(PIXKTZI/R)XCOS(PIR(TZA-Z0)/B)
Z8UM=ZSUM+FACTORXZGREEN
RETURN
END
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ABSTRACT

Based on a newly developed asymptotic Green's function for a magnetic
dipole on a conducting surface [1], this paper presents a simple, closed-
form formula for the mutual admittance between two slots on a cylinder or a
plane, When compared with the exact solution obtained by numerical
integrations; this formula gives accurate results when the slots are

relatively small and thelr separation large.
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1. INTRODUCTION

This paper contains two results for the mutual admittance Y., between

12
two slots on the surface of a large conducting cylinder (including the
conducting plane as a special case). The first and the main result is
that an approximate, closed-form solution of le is derived. This ;olution
may be considered as a simplified version of the asymptotic solution of le
reported in [1], as the two surface integrals over the apertures of the
slots are no longer needed in the present approximate solution. Our
second result concerns the derivation of an exact solution of le, which is
given in terms of an inverse Fourier transform and an infinite summation of
cylindrical modes. This solution is based on the original expression for
le described by Stewart, Golden, and Pridmore-Brown [2], [3], and is more
sultable for numerical calculation for some cases.

This work is undertaken for the following reasons. The determination
of le (or its dual problem for 212 between two dipoles) is not only a
classical problem in electromagnetics that has attracted wide attention
{1] - [10], but also an integral part in the design of modern conformal
arrays [11] - [15]. 1In the latter application, le must be repeatedly
calculated for a large number of times. Thus, a simple closed-form
solution should greatly reduce the computation effort and, furthermore,
provide a better physical insight for the design problem as the "cause"
and "effect" can be readily identified in a closed-form solution.

The organization of this paper is as follows. In Section 2, we first

define le, and then give the final form of its approximate solutiomn,

Discussions and numerical resulis are presented in Section 3. 1In the *
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2. APPROXIMATE FORMULA FOR MUTUAL ADMITTANCE

Referring to Figure 1, consider two slots on the surface of an
infinitely long conducting cylinder with radius R. The orientation of
the slots may be either circumferential (Figure 1b where a > bn’ n=1,2),
or axial (Figure lc where a < bn). The problem is to determine the
mutual admittance between these two slots when kR is large.

First let us define mutual admittance. Throughout this work we
always assume that

(1) the slots are thin, and (2.1a)

(11) their length is roughly a half-wavelength. (2.1b)
Then the aperture fileld in each slot can be adequately approximated by a
simple cosine distribution, which is the so-called "one-mode" approximation.

For example, if slot 1 is circumferential (Figure 1b), its aperture field

Spare,

under the "one-mode" approximation is given by

> > > >
E= Vle1 s H = Ilh1 (2.2a)
where
-> a T > " ->
e, =z /;Eaéos 2 Yy hl X x e (2.2b)
' y =Ro . (2.2¢)

(V,,I,) are respectively the modal (voltage, current) of slot 1. The
1’71

mutual admittance le is defined by

Y, =Y, =—2% (2.3)

where 121 is the induced current in slot 2 when slot 1 is excited by a

voltage V1 and slot 2 is short-circuited. An alternative expression for le

is
18
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Yo *Vv IJA E, ﬁi * ds, (2.4)
where
Az = aperture of slot 2
ﬁl = magnetic field when slot 1 is excited with voltage Vl, and
slot 2 18 covered by a perfect conductor
Ez = electric field when slot 2 is excited with voltage Vz, and

slot 1 is covered by a perfect conductor,

Because ﬁ = 121h2 and E - V ez, it is a simple matter to verify that
(2.3) and (2.4) are equivalent [16].

There is an alternative definition of mutual admittance. Instead
of (2.2), a modal voltage Vl (with a bar) may be defined through the

«pression for the aperture field of slot 1 as follows:

* A~ 1= T
E =z V, cos 2 y ) (2.5a)
or equivalently
- b ~ E
V1 = jo (z )y-O dz . (2.5b)

Then a different mutual admittance ?12 is defined by (2.4) after replacing

(V.,V,) by (V.,V.). It can be easily shown that
1’72 1°72

1{%41% 12
Y= 2|50 Y12 - (2.6)
172
Two remarks are in order: (i) In the limiting case that b1 and b2 + 0,
le goes to zero as (blbz)llz, whereas ?12 approaches a constant
independent of bl and b2' (ii) For the special case a, = a, = A/2 and
119
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R+, it is le, not Y12, that is identical to the mutual impedance le

between two corresponding dipoles calculated by the classical Carter's

method [5], [8], [9]. (iii) When the slots are excited by waveguides

e e o

(transmission lines), one often uses le (?12). From here on, we will

concentrate on le instead of le.

- For the two slots in Figure 1, the final form of an approximate

solution onl2 is as follows (for exp +jut time convention):

N Circumferential slotsg

R DL e D e

- _ 8 1/2 -
le -3 (alblazbz) S(bl sin 8) S(b2 sin 9) C(a1 cos 9) C(a2 cos 6) g
1 T (2.7a)
o Axial slots
i
. 1/2
¥ - -
g le - 2 (81 182 2) S(al cos 6) 3(82 cos 6) C(bl sin 8) C(b2 sin 6) g, f
1 (2.7b) !
‘; The various factors in (2.7) are explained below. S and C are simple ;
i }
: trigonometric functions .
;
12 S(x) = §i?k§7;§2) . C(x) = So8 (kx/2) (2.8)
) 1- (kx/n)
;
i i The (simplified) Green's functions §¢ and Ez are given by
i «
% f
& = G(s) ,_v(e;)(sin 6+ cos 20) + L u(e) cos? 0 !
4 + 3u" () (VZ kR cos 6)"2/3 g1n® ] (2.9a)
. 2. _ 1 Vi 2 ] ;
% g, G(s)[v(ﬁ){cos ] ks cos 26} + s u(¢) sin“ o (2.9b) :
where 2
k YO e—jks 1
G(s) = 2n] ks ° Y = 1207 (2.10) '
£ = (k cos” p/2rHY/3 ¢ (2.11)

it
IS
o




by
4.‘ v
i
3
i
i
L
L
5
5
3
&
i
b
s
/

T . T

b e am e v e s A SRR A

s = v’zg + (R¢0)2 (2.12)
-1
6 = tan (20/R¢0) . (2.13)

The Fock functions u and v are explained in the Appendix. In the limiting

case kR + » (slots on a planar surface), (2.9) is further simplified to

become

2 2454+ 2 oyl

g, = G(s)|sin” o + (2 - 3 sin” 8)! ,
¢ [ ks ; R o (2.14)

g, = G(S){cos2 o+ %g-(Z - 3 cos® e)] ,

The formula in (2.4) is an approximate solution, valid under the condition
kR >> 1 and ks >> 1 ., (2.15)

The numerical accuracy of the formula is discussed in Section 3, and its

derivation in Section 4.
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3. NUMERICAL RESULTS AND DISCUSSION

For the two slots in Figure 1, the final form of the approximate
solution of le is given in (2.7). Generally speaking, its accuracy is

good only if

(1) the size of the slots is small in terms of wavelength,
and/or

(11) the separation of the slots 1s large in terms of wave-
length,

In this section, we will give some numerical examples to illustrate the

quantitative accuracy of (2.7).

(A) Circumferential Slot - (Figures 2 and 3). The size of each slot

1s 0.5X x 0,2A, and the cylinder radius is 1A, le is presented in (dB,
normalized phase) format, where dB = 20 log, (|Y12| in mho) and normalized
phase is equal to Arg(Y12 expjks). Three solutions of le are given: the
UI exact modal solutlon calculated from (5.2), t5.3) and (5.9); the UI
asymptotic solution reported in |[1]; and the approximate solution in (2.7).

We note that all the three solutions ave in an excellent agreement.

(B) Percentage Error vs. Slot Position - (Figures 4 and 5). In these

figures, the coordinates of each point determine the center~to-center
distance, in ¢ and z directions between two slots. The pairs of numbers in
the parentheses ¢ - the percentage error in magnitude and the absolute

error in phase of Y12 as calculated by the approximate formula, respectively.
For the circumferential slots (Figure 4), the accuracy is generally very
good. For the axial slots (Figure 5), the approximate formula gives erratic
results (as high as 27 percent error in magnitude) when the two slots are
very closely displaced in the ¢~direction. The reason for this inaccuracy

is that the surface field due to a magnetic dipole varies very rapidly as

a function of z when the observation point is close by.
122
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(C) Accuracy vs. Cylinder Radius (Figure 6). The accuracy of the

approximate formula is not sensitive to the radius of the cylinder.

(D) Planar Slots <«(Tablesl and 2). The mutual édmittance Y., between

12
two identical slots of dimension (a = 0.69A, b = 0.31) on an infinite
conducting plane is calculated as a function of z and Yo (the center-to-
center distance between two slots in z and y directions, see Figure 1b),

le is given in (dB, phase in degrees). In both E-plane and H-plane couplings,
the approximate formula is accurate when the separation is at least two wave-
lengthe (2.6"). It should be also remarked that the present slots (0.69A X

0.3)) are relatively large. The accuracy of the approximate formula is better

when the slots are smaller.
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4. DERIVATION OF APPROXIMATE FORMULA

We will now give the derivation of the formula in (2.7a)[that of

§

N

i (2.7b) is very similar]. Consider a circumferential infinitesimal dipole

! located at Q' on the surface of a cylinder (Figure 7) which is described by

the magnetic current density
R=426(-R () 62) . (4.1)

At an observation point Q on the cylinder, the ¢~component of the i1 field,
; denoted by g¢, is determined in Eq. (2.16b) of [1], which reads in the

present notation,

g¢(t,a) v G(t) {}(E)[sin a + %E cos Za]

+ (‘ljc? u(g) [cos {1 - kt) + {\%? sin a}

+ j(/f kR/cos2 u)—2/3 .

. [v'(&) sin2 a + (tan4 o+ %E u'(g) c082 aI}
(4.2)

bt
i ¥
i
53
I3
i
v
3
)
i
4
3

where (t,a) are the cylindrical coordinates of Q with respect to the origin

at Q' on a developed cylinder, and

= (k cos® o/mH3 ¢ | (4.3)

The formula in (4.2) is mainly based on a classical work of Fock [17], and
contains a modification that introduces a field dependence on the surface
curvature in the binormal direction of the surface ray (see Section 6 of

[1]). This formula is asymptotically valid for kR - =, and may be used to

calculate the fiecld at any point on the cylindrical surface.

.
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Making use of the Green's function in (4.2), we next calculate the surface’
field H¢ due to slot 1L on a cylinder (Figure 8). The aperture distri-~ Co .
bution of slot 1 is described in (2.2a), which may be replaced by an

equivalent magnetic current density (p. 108 of [18])

K = $ 6(r - R) /aibl V, cos (ny/al) . (4.4)

Thex, H¢ at an observation point Q is obtained by superposition, namely,
H (Q) = /2—-V cos = y| g. (t,a) dy dz . (4.5)
() ab '1 A a, ¢! .
1 {

The expression for calculating the mutual admittance le between the two

slots in Figure 8 is given in (2.4). Note that EZ is described much as

(2.2a) and ﬁl in (4.5). Then (2.4) becomes

A = f[ I[ ( : )( : )

Y., = dy dz dy, dz, |cos — yllcos v, 8, (t,a)
12 2 9% a a, 72) 8

lb1a2b2 A A 1 2 (4.6)

1 2

The distance t in (4.6) is given by

t = [(s cos 6 + ¥y - y)2 + (8 sin 8 + 2, - z)]l/2 . (4.7)

If s is large relative to the length of either slot, t may be approximated by

(4.8a)
t = .

Y, =~y 2, ~ 2
s{l + cos 8 + sin 6

(4.8b)

In evaluating the magnitude of g¢ in (4.6), we use the approximation in

(4.8a), whereas in evaluating its progressive phase term, we use (4.8b).
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(4.6) can be explicitly carried out.

.

further approximation by dropping the terms of order (ks)
(4.2), we obtain the desired solution of le in (2.7a).

Then the integrals in
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5. EXACT MODAL SOLUTION

The admittance le defined in (2.3) may be calculated exactly by
using cylindrical modes, as has been done by Stewart, Golden and
Pridmore-Brown [2], [3]. Extensive numerical results of le calculated
from the SGP solution are reported in [13], [14]. As will be explained
below, the SGP solution is not suitable for numerical calculations when
the slot separation 2, (Figure la) is large. 1In this section, we will
derive an alternative modal solution of le which does not have this
difficulty.

Let us first consider the circumferential slots shown in Figure 1b.

For the case that a, = a = a and b1 = b2 = b (identical slots), the

1
mutual admittance le is given in Eq. (8) of [3]*, which reads in the
present notation,
0 ® -3 (m¢0+kzzo)
Y12 = I-m dkz m}iw w(m,kz)G(m,kz)e (5.1a)
where 2 9
sin“(k _b/2) sin (m¢_ + n/2) sin (m¢_ - m/2)
bmk,) = = — CTREET ) B CresT o (5.1b)
28R (k,b/2) m, a
¢, = (a/2R)
i B acrn fme Pk, 8P @R
G(mk,) = Yol '?2) +13 ,3‘12' T . (5.1¢)
. t Hm (ktR) ktR’ dm (tR)

*
The multiplication factor 2 in the definition of ¢b in [3] is a misprint
and should be removed.
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. —
f"lkz‘kz ,if k> k
z -z
kt =\' .
-3 k: -1, if k< k,
Rewrite le in terms of its real and imaginary parts:
It can be shown that G is given by
koo cos mé
G = J z z cos kzzo W(m,kz)R(m,kz) dkz (5.3a)
0 m=0 m
where
K | 12
2 mk, 1
R(m k ) = ¢ — e o+ i
*®27 T 7k Rk 2 itk k R' 2 . (5.3b)
t t Mm(ktR) . Nm(ktR)J
2 _ 42 2
M GO =3 00 +Y () (5.3¢)
2 _ 02 2
Nm(x) = J"n (x) + Y"n (x) (5.3d)
2, m=20
En = . (5.3e
T li,m#0 )

We note that G contains a finite integral and can be evaluated in a straight-
forward manner by standard numerical integration techniques. The imaginary

part of le is given by
®© cos md
B = Jc mZO ——:;:—— ¢ cos k220 . w(m,kz) . W(m,kz) dkz (5.4a)
1

where the integration contour Cl is shown in Figure 9 and

28

—
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y e ’ 2
: mk
3 k 1 2 1 .

— (3 J'+YY") - { if k > k

‘ k mm mm| 2 k kR 2 i z !
4 t M (kR) |t N, (k R) i
%g;i W(m’kz) =< (sol&b)
< [ 2
Fioos K'(Jk_|R) mk K (|k_|R) _
¢ -k Jomt z m_t AE K <k
3 letltFm(lkth) ke [kR | KR! (Jk[R)
g
i

The computation of B as given in (5.4a) can be quite laborious because (i) the
integration with respect to kz is of infinite range, and the factor cos kzz
is highly oscillatory for large kzo, (ii) W(m,kz) has nonintegrable singulari-
ties of opposite sign on both sides of kz =k (iii) W(m,kz) decays slowly
with respect to m and kz.

To circumvent the above difficulties in evaluating B, we adopt a

method introduced by Duncan [19]in the study of cylindrical antenna problems,

lLet us rewrite (5.4a)

g ©  cos m¢0 jkzzo z
3 B=1 — -] I F(m,k ) sin k z, dk_ + J F(m,k_)e dk i
i € z 2’0 "z z z i
L m=0 m Cl Cl ) ,
; (5.5) |
- {
§A where :
5 F(mk,) = [R(m,k,) + jW(m,k ) Jv(n,k ) . (5.6)

The imaginary part of the first term inside the bracket of (5.5) is

R T RO

k
Im{~j jc F(m,kz) sin kzzo dkz = -jo R(m,kz)w(m,kz) sin kzzo dkz v (5.7)

"»

5
£
9

ol
3
}'i
Ra
B,
o
P2
§,
3
o
'y

In order to compute the imaginary part of the second term of (5.5), the integra-

tion contour Cl is deformed into C, (Figure 9) according to the theory of

complex variables. This manipulation leads to

szzo jk_z

im f F(m,k )e dk_ = Im J F(m,k )e 2 0 dk . (5.8)
C Z 2 C 2
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Make the change of variable kz = jn in (5.8). Substitution of the resultant

equation and (5.7) into (5.5) gives

© cos m¢0 k
B= ] —— -J R(m,kz)w(m,kz) sin kzz0 dkz

m=0 €m 0

- -nz, (5.9)

+ Jo R(m,jn)¥(m,jn)e d;} .
OQur final expression for le is given in (5.2), with its real part G in (5.3)
and its imaginary part B in (5.9). Several remarks are in order: (1) Not
only G but also B is determined by R(m,kz), which is much simpler than W(m,kz)
defined in (5.4b). (ii) B contains only a finite integral. (iii) The
infinite integral in B, i.e., the second integral in (5.9a), contains an
exponentially decaying factor exp[-z0 - a)n] in its integrand. The emergence
of the evaluation of B is faster for larger 2 This is in contrast to the
original expression of le given in (5.1). (iv) There is no nonintegrable
singularity in (5.3) or (5.9).

The same method applies to the derivation of an alternative expression

of le for two identical axial slots (Figure lc with ay=a,=a and
bl = b2 = b). We give below only the final result:
bY, = k -jk dk
a 0 cos m¢0 i zzU 2
Y, = - 5 ) " o(m,k Je 5
mk R® m=0 m 0 N_(k _R)
m t
. 0 dn -]
+ 3 f <1>(m,Jn)e "—_""‘-‘—"'""2 l_z_____z l (5.10a)
0
Nm(R\/n + k )J
where
sin (m¢a) cos (kzb/2) 2
¢(m,kz) = ) . 5 5 . (5.10b)
L (k,b/2)" = (n/2)

Rt &
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In summary, the alternative expression of the exact modal solutions is given
in (5.2), (5.3), and (5.9) for two idenﬁical circumferential slots, and in

(5.10) fof two identical axial slots.
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APPENDIX
FOCK FUNCTIONS .
In this appendix we define and list some useful formulas of the functione %
wl(t), wz(t), v(E), u(f), and vl(E). These functions arce commonly known as ) %
Fock functions, é
(i) Definition: TFor a complex t and a real &, ‘E
wl(t) = ;L-[ dz exp (tz - %‘23) (A-1) «é
alr
. ;
wz(t) = JL-J dz exp (tz ~~% 23) = wl(t) (A-2) .
Vu ir :
2
w, (),
v(E) = %.ejn/égl/z JL-J G%(EY oI5t ¢ (A-3)
Vn r,2
. wl(t)
w(@) = SPRL [ L e g, (a-4)
/n r, "2 ‘
W, (t) .
v, (§) = ej3"/4€3/2 L J t ;;?-(—t—)— eI g¢ (A-5)
/n r, 2
wherc integration contour rl(rz) goes from » to 0 along the line
Arg z = =2u/3 (+2n/3) and from O to « along the recal axis., Because of
different time conventions, wl(WZ) above is equal to wo(wl) defined in [17].
1%
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(11) Residue series representation: For real positive £,
. - ® -1 -jgt!
vie) = TIAE 2 g ey T (4-6)
n=1
» - _.jgt f'
u(g) = ej"/l*z/;" 53/2 z e n (Aa=7)
n=1
I 14
: vy (e = ATy 32 T (A-8)
: n=1
2 1 738
@ m LSy Y s2eey(ente T (A-9)
; n=1
&
\ =36t
. u'(g) = eIM4as5 (12 { [f-3dec)e ™ (A-10)
n=l
i" where {tn} and {t; } are zeros of wz(t) and wé(t), respectively, and
? are tabulated in [17] and [1],
!
F . (111) Small argument asymptotic expansion: For real positive £ and § + O,
i
- V) L - /‘ A/4,3/2 +_67_% N 5{2“ -jn/a 92 _ 411 x 107%8 4 ...
¢ (A-11)
W(E) A 1 - ‘i@ edT14,3/2 +%% N 5_()? IAI2 g a0 10728 L
(A-12)
v(e) w1+ ‘/— VA2 1L 3 % IMAII2 | sss x 10728 4 L,
(A-13)
V() v 3L 3112, s 12 8 T e 1075
(A-14)

' (£) N% VR KLU VeI %1 24 %%_E RS LILI V2 SN Wl .

(A-15)

(iv) Numerical evaluyation: For £ > &0. the residue series representation

wlith the first ten terms in the summation may be used. For ¢ < 50, the small
argument asymptotic expansion with the first five terms may be used, It has
been indicated in [12] that the smoothest crossover is obcained if £y = 0.6.
In the preseat study, we set 50 = 0,7, where the difference in the two

w

representations 1s less than 0017 In magnitude and 0.9° in phase [1 ], 13
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MUTUAL ADMLITTANCE Y

TABLE 1

ON A PLANE (E

12 BETWEEN TWO SLOTS

~PLANE COUPLING)

zg Exact Approximate
0.5 ~64.57 dB ~-63.25 dB
~110° ~-108°
N ~69.48 -69.58
78° 81°
) 2 ~-75.13 -75.68
84° 85°
32 ~78.58 -79.22
86° 87°
4 -81.06 ~-81.72
87° 88°
i 82 ~87.05 -87.75
g 88° 89°
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MUTUAL ADMITTANCE OF SLOTS ON & CONE:
SOLUTION BY RAY TECHNIQUE

S. W. Lee
Department of Electrical Engineering
University of Illinois at Urbana-Champaign
Urbana, Illinois 61801

3
PO PN NP AT UV 0 S W N Y

: ABSTRACT
t

ik

An approximate asymptotic Green's function for the surface magnetic

field due to a magnetic dipole on a general convex conducting surface is

S e

developed. Based largely on the classical work of V. A, Fock and the

current GTD recipes, this solution is presented in a form that admits ray

pEi e

interpretations, and can be simply evaluated. We apply the Green's function

PRTGVES

: to calculate the mutual admittance between two slots on a cone. The

numerical results are in very good agreement with experiments. :

S s o

Ioa iy

SEvie

* This work was supported by Naval Air Systems Command under Contract
N00019~77-C~0127.
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1. INTRODUCTION

In the past few years there has been an increasing interest in the
study of conformal arrays, where the radiating elements are arranged on
a curved conducting surface. A cruclal as well as challenging problem in
the design of a conformal array is determining the mutual coupling among
elements [1], [2]. The present paper addresses itself to one such problem
when

1) the conducting surface is an infinite cone;

(11) the radiating elements are slots with thin width and a length

of about a half wavelength; and

(i1i) all the elements are distributed in a region which is away

from the cone tip and whose radii of curvature are large in

terms of wavelength.
Because of assumption (i1), the aperture field of a slot can be well-
approximated by a simple cosine distribution, i.e.,, the so-called
"one-mode approximation." Then it has been established, e.g., p. 53 of
[3]) or p. 8 of [4], that the calculation of the mutual coupling is
reduced to th.t of a dyadic Green's function due to a magnetic dipole on
the same curved conducting surface where the array is at.

The Green's function of a cone can be calculated in the following
two ways. !".i:. rormal modes involving spherical Bessel functions and
associated Legendre functions, it can be expressed exactly in terms of a
doubly infinite series (5], [6]. The numerical evaluation of such a
series, however, is quite tedious, especially at high frequencies. Thus,
up to now, no systematic numerical results have been generated from the
series. An alternative way to calculate the Green's function is to employ

the surface rays, which would yield a simple approximate solution valid
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for high frequencies. The general concept of surface rays was introduced
by J. B. Keller more than twenty years ago [7] - [9]}; however, a uniformly
valid formula for fields on the ray has not been developed until recently.
Among the several comparable formulas [10] - [12], we chose the one
reported in {12] for the present application. The reason for our choice
is that, at least for the case of a cylinder, the formula in [12] gives the
most accurate numerical results [13].

The organization of this paper is as follows. The formula in [12]
for the Green's function applies only to a cylinder. Following the
GID recipe, we generalize it to an arbitrary convex surface with its final
solution presented in Section 2, and its derivation in Section 6. 1In
Sections 3 to 5, the Green's function is specialized to a cone and is used
to calculate the mutual admittance between two slots on a cone. A
conclusion is given in Section 7. The two appendices contain (A) formulas
for the Fock functions, and (B) the computer listing for calculating the

mutual admittance on a cone.
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2. SOLUTION OF THE GREEN'S FUNCTION

Consider a perfectly conducting convex surface I (Fig. 1), whose
radii of curvature at any point are large in terms of wavelength. At a
point Ql,described by position vector ;1 on I, there is a tangential
magnetic dipole source described by a ragnetic current density (for

exp + jwt time convention)
K@ = W6 - ) (2.1)

when M is the magnetic dipole moment and lies in the tangent plane of L.
The problem is to determine a high-frequency asymptotic solution of H at
a general point Q2 described by position vector ;2 on L. In other words,
the dyadic Green's function for the surface magnetic field for points T

1
-
and r2 is to be found.

Before presenting the solution, let us introduce several definitions
and parameters. According to GTD [8], [9], the dominant high-frequency

contribution to ﬁ(?z) is the field on the surface ray from ¥, to r.. The

1 2
surface ray is a geodesic of I. Some of its geometrical properties are
described by .ig. 1)

(1) the arc length s which is chosen such that s = 0 at the source

- - -
point r and s = s at the observation point r

2;

(i1) thc tangent, normal, and binormal, denoted by (En,—ﬁn,—sn) at
?n where n = 1,2; and

(iii) its two radii of curvature Rt(g), and Rb(g) of I at point s
in the directions of tangent, and binormal, respectively.
(un a general convex surface, both radii are nonnegative.)

From the above parameters, we may calculate the following quantities

that are needed for the solution of the Green's function: 153
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(1) The large parameter in our asymptotic expansion of the Green's "

function is

-

I S 1V
m(s) = a-th(s) s 2.2) ;
which is a function of position along the ray from ¥1 to ;2. 3
(11) A distance parameter from ;l to ?2 is defined by §
3
-
r, . i ﬁ
€=J+ 7o ds . (2.3) i
r, 2m (s)

For the special case when Rt is not a function of s (constant ray curvature),

§ 1is reduced to (ks/2m2), a well-known parameter introduced first by

Fock [14].

(1i1) The ray curvatures at the source and observation points enter in -

e At 2" Py T

a parameter defined by

BB Mo T R

1/2
ks
s [2m<0> n(s) '&] , (2.4)

which 1s positive real for a convex surface, and is reduced to unity for

[ N N

the special case of a constant ray curvature,

e e s

(iv) Consider a small pencil of surface rays originating from ;1

and propagating toward ;2 (Fig. 1). The angle extended by the pencil at

7 e S

rane s Al e n

;l is dwl, and that at ;2 is dwz. The divergence factor DF of the pencil

)
is defined by
1/2 ;
SdWl :

DF = pd% (2.5)

o e L
1]

-
where p is the caustic distance of the wavefront at r, and is always

. positive. For example, if I is a sphere and ;1 is the north pole, DF at
: 154
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point r, = (r,0,¢) is

0 1/2
o - ()
sin 0

which varies from one at the north pole (6 = 0) to infinity at the south
pole (6 = m) as ?2 moves along a great circle.

(v) The "mean" radii of curvature between ?l and ¥2 are defined by

]
i

1/2
[R, (0) R ()] (2.62)

x, (0 & (177 . (2.6b)

o

Throughout this work, we always assume that I is a smooth surface with a
slowly varying curvature. Then (ﬁt,ﬁb) represents a sort of average
value of radii of curvature along the ray.

Return to the electromagnetic problem in Fig. 1. We assume that
m(s) is large and is slowly varying for all s in the range 0 < s < s.
Then an approximate asymptotic solution for the surface magnetic field at
?2 due to the dipole source in (2.1) is given by

() = H « (B'bH, + t'eH) (DF) 2.7)
where
Hy = G(s){K} - i%) w(E) - G%)213u(§) + j(JEkﬁt)'2/3
v (E) + RUR) 13u'(5>£}

llt = G(s)(ﬁg)[w(&) + (1 - -l%s]s_) T3u(£;) + j(v/.’_z-kﬁt)“zl3 13u'(£)]

2, -jks
_kYe
G(s) = 507 s »

=

(120m)" %

Y
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6

The Fock functions u and v and their derivatives u' and v' are described in

: Appendix A. Several remarks about the solution in (2.7) are in order.

. (i) It is derived in an approximate manner from the classical work of .

: Fock [14] and the recipe of GTD {8}, [9], as detailed in Sectiom 6. This :
solution is certainly not valid when the curvature of the surface I is

large or rapidly varying. (ii) For the special case that % is a planar

surfacn (Rt = Rb + ®), (2.7) recovers the known exact solution, namely, ;
2 1
= __.1__(._1_ ;
Hb G(s){; ks s (2.8a) %
= 25\ oL ]
Ht G(s)(ks 1 T (2.8b) é
]
DF = 1 . (2.8c)

(111) The solution is valid for any combination of ;1 and ;2. In the

penumbra region (?2 is close to ;1 and § << 1), (2.7) is nearly the planar

PR

solution in (2.8). 1In the deep shadow (§ << 1), the residue series

representation of the Focs functions in Appendix A may be used, and (2.7)

is identified as the creeping-wave contribution. (iv) When I is a

L

% cylindrical surface, the formula (2.7) has been used to calculate the E
? mutual admittance between two slots on £, It has been shown [12], [13] %

3
ﬁ that the numerical results are in excellent agreement with a known exact §
; solution {15} ~ [17]. (v) Except for the very simple surfaces such as a %

&
k cylinder, cone, or sphere, no explicit parametric equations can be ;
§ found for the geodesics. Thus, for a general surface, one may have to i
1y

PRV,

rely on numerical techniques for determining the geodesics and the

divergent factor, as has been done in [18].
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3. GREEN'S FUNCTION OF A CONE

o i L . sty 30 B
P, Gt ey 0 S e 8 A byt b ﬂ
B el ace k-t o

Let us apply the formula (2.7) to the field on an infinite cone,

described by the equations (Fig. 2a)

X = r sin 80 cos ¢ , y =r sin 60 sin¢ , z =1 cos 80

where 60 is the half cone angle (0 - 8, < w/2).

(3.1)

Since the cone is a

developable surface, the rays (geodesics) on a developed cone (Fig. 2b)

s
are straight lines. Due to the source at r

1 (rl,60,¢l), the main con-

tribution of the field at ?2 = (r2,60,¢2) comes from the shortest ray

described by

r1 sin Ql = r2 sin 92

As the ray propagates away from the source point T

altitude at M where Q = 7/2.

the cone tip.

(3.2)

1 i1t reaches the highest
After M, the ray travels downward away frem

The various parameters defined in Section 2 can be simply

calculated from the cone geometry [6], [19], and expressed in terms of

coordinates (r1,¢l) and (r2,¢2). The arclength is

s = (?i + rg - 2rlr2 cos [(4>l - ¢2) sin 90] 172

-
at r. is

The angle Q] 1

Q'_l‘:?-i in §
1 sin S sin [(¢2 - ¢l) sin 0] .

We choose IQll < /2 1f r2 < % 4 f?

2 1 and lQll > n/2 iIf otherwise.

other parameters are

(3.3)

(3.4)

The
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o e
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8
92 = Ql + (¢2 - ¢1) sin 90 (3.5)
- /rlr2 tan 60 = /rlr2 tan 60 3.6)
t sin 91 sin Qz ’ Rb cos Ql cos QZ :
1/3
_ (1 . - 2/3
£ = (2 kr) sin @, sin 60) |¢2 ¢l| cos™'” 8, (3.7)
~-1/6
_ 1/24, 2 1/3
t = (ks/g) (Zk rlrz) (sin Ql sin 92 cot 60) . (3.8)
DF = 1 . (3.9)

When the above parameters in (3.3) through (3.9) are substituted into (2.7),
we obtain an approximate solution for the surface field on a cone due to
a direct surface ray contribution. Let us consider a special observation

point ?2 such that

ks >> 1 , Ql and 92 are not close to m/2 . (3.10)

Then the two components of the field in (2.7) are reduced to, after making
used of the residue series renreseatations for the Fock functions
(Appendix A) and keeping ouly the jeading terms,

2, 1/3 .
k" (sin Ql sin Qz cot bo) n

H, : " exp (;0.885 - j(—— + 0.51¢ + ksi]
b 1528 (kzrlrz)l/"(kn)l/" U 12 (3.11a)

-3/2]

Ht ~ Of (ks) (3.11b)

which agrees with the rigorous asymptotic solution given in Eqs. (50) and
(53) of [6]. (In making the comparison, note the corresponding notations

used in [6] and here: -1 - j, ec -> 60, Ll TS, T, T > Ty

Bs> > /2 - Ql, and 51 - Itil.) We emphasize that the result in (3.11) or

that in [6] is valid only under the conditions in (3.10). For an

arbitrarily located observation point, (2.7) should be used.
158
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Two final remarks about the formula in (2.7) are in order. (i) For
a given source and observation point, there are infinitely many rays
(geodesics) passing through them. The contribution from each ray may be
calculated from (2.7), and the final field solution is the superposition
of all ray contributions. 1In most practical problems (all the numerical
computations presented in this paper), only the ray with the shortest
arclength gives the significant contribution to the field solution,
whereas all other rays may be ignored. (ii) Depending on the polarization
and the distances of the source and observation points from the cone tip,
there may be another signifizant contribution to the field from the
diffraction at the tip. In such a case, the total fileld at any point
contains two dominant contributions: ocne from the direct ray according
to formula (2.7), and one from the tip-diffracted ray. More about the

latter will be given in Section 4.
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4, MUTUAL ADMITTANCE ON A CONE z i

10

On the surface of a cone, let us consider two arbitrarily oriented 2
slots. Under the assumption that the dimensions of the slots are . §
2

relatively small compared with the radii of curvature of the cone surface, %
the shapes of slots are taken to be rectangular on a developed cone. > ;
Note that, depending on the exact manner in which the feeding waveguide ?‘ ?
K :

is fitted into the cone surface, the shape of a slot mapped on a developed ; 3

cone may be quite irregular. Our assumption of rectangular shapes

represents a good approximation for practical cases; at the same time,

i e el

g
it simplifies the subsequent calculations. 3

oty ST

Referring to Fig. 3, we describe the dimensions and the positions

of the two slots by

- ) E
(an,bn) and [cn.(n 1) "O’wn]’ n=1,2

R PR P A

i

Thus, the radial separation of the two slots is (c2 - cl) and the angular )

separation is ¢O. The angle w measures the deviation of the longitudinal

b oA AT

direction of slot

n from the radial direction of the covne. If 0, = 0, :

slot n is radial; if wn = 1/2, slot n is circumferential. The mutual ¢ :

admittance le between the two slots is defined as follows.

Throughout 4 i

this work we always assume that i
(i) the slots are thin, and (4.1a) 5

(ii) their lenath is roughly a half-wavelength. (4.1b) g

Then the aperture tield in cach slot can be adequately approximated by a
simple cosine distribution, which Is the so-called "one-mode" approximation
The aperture field of slot 1 under the "one-mode" approximation is given by

E=Ve ,H=1nh 4.2a)
D o= le1 . = ]11 (4.2a

st o o, A O SR 0 et N

Y
3
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where

kif > = A >
1 /35 cos EI vy o hl X;xe; . (4.2b)

Here (yl,zl) are the local rectangular coordinates, with the origin at the
center of slot 1 and yl-axis parallel to the longer dimension of the slot.

(Vl,Il) are respectively the modal (voltage, current) of slot 1. The

mutual admittance le is defined by

In

= ~ (40 3)
12 21 Vl

where 121 1s the induced current in slot 2 when slot 1 is excited by a

voltage Vl and slot 2 is short-circuited. An alternative expression for

le is

1 3 . al . -1 2,0 -+ .
Y12 Vv, ” By, By - &8, -5y ” (Ey * 20 () + ¥p) dy, dz,
1V2 1y A,
(4.4)

wheire

A2 = aperture of slot 2,
ﬁl = magnetic field when slot 1 is excited with voltage Vl’ and
slot 2 is covered by a perfect conductor,

Ez = electric field when slot 2 is excited with voltage V?. and

siot 1 is covered by a perfect conductor.

- > - -
Because Hl = I2lh2 and E2 = V2e2, it is a simple matter to verify that

(4.3) and (4.4) are equivalent.
At high frequencies, El in f4.4) has two dominant contributions:
one from the direct rays going from stot 1 to slot 2, and the other from

the rays diffracted at the tip of the cone, namely,




e o PP S DL R

12 3
%y > =+d >t E
y Hl o Hl + Hl . (4.5) ;
Accordingly, le also has two parts
-
d t
le " le + le . (4.6)

Let us concentrate on Ygz first., Making use of the Green's function in (2.7)

and the aperture distribution in (4.2), Y?z may be explicitly written as

E

2 al/2 bl/2 a2/2 b2/2 i

Yd s —2 f dy f dz dy dz §
12 1/2 1. 1) 2 2 3
(alblazbz) -81/2 b1/2 a2/2 b2/2 g

}

, 3

x [cos — ¥, [cos L v.) 8(y,z.iy,2 (4.7a) }

al 1 a2 2 171°7272 ' ’

where %
g(yl,zl;yz,zz) = Hb o8 wy €OS W, + Ht sin w, sin w, . (4.7b) X .

PO R )

The Green's function components ("b'Ht) are given in (2.7), and angles

(w,,w,) are shown in Fig. 3. In evaluating the integrals in (4.7a), for
3

two given points (yl,zl) and (yz.zz), we must calculate some geometrical

1
parameters appearing in Hb and Ht' Those calculations lead to the P
ié
! following results .
f , — 1/2 ,
; 2 2 2 /2 2 N
o = 2= - 2¢ 2 - .
' T [}n + n + 2 W In + z cos (wn wn+4{} (4.8a)
‘ -1 -1 77 -1 ‘
3 = i i i - 4
s ¢n (sin 00) sin [. Y, + z r =~ sin (mn wn+4) (4.8b)
i W = t:an-l (z /y ) (4.8¢c)
n+4 nn
© o4 = Qn + (n/2) - w, = ¢n sin 00 + (n -1) ¢0 sin 00 (4.84d)
where n = 1 and 2. We evaluate the integrals in (4.7a) numerically with the
aid of a computer. "
162
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Next let us comsider Y;Z’ the part of mutual admittance due to the
rays diffracted at the cone tip. For the special case of circumferential

slots, an approximate expression of Y;Z is given in [16], which reads

t

le * T, if W =Wy = /2, (4.9a)
where
(a.b.a.b )2 fran 0 \Y? sin (kb./2) sin (kb,/2)
e o —21%272 0 ) 2
0 30n4c e sin © 2m (kbl/2)(kb2/2)
172 0
7
exp j(z - kc1 - kcz) . (4.9b)

Here 00 is the zeroth-order tip diffraction coefficiant and is a function
of the half cone angle 00. A numerical table of % for several typical
values of 60 is given in [16]). We have fitted those values by a simple

expression, viz.,

oy = A exp jB , (4.10)
where
1

A= 1.305700

2
- 1,755 + 27720, - 1.4598
B = 2.7195 + 146088 - 1.129593 + 0.656663

Both 6 and B are 1in radians.

As may be seen from Fig, 4, the numerical values of % calculated from
(4.10) are in excellent agreement with those tabulated in [16). For

the special case of axial slots, Yiz according to [16] is approximately
=0, if Wy = wy = 0 . (4.11)
In the present paper, we are interested in the general case that the two

slots have arbitrary orientations. Before a more exact solution can be

63
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found, we will use the following formula

t . . :
le T sin 0 sin w, (4.12)

which matches the two extreme cases in (4.9) and (4.11), and interpolates

the in-between cases by regarding each slot as a thin magnetic dipole.
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5. NUMERICAL RESULTS OF MUTUAL ADMITTANCE

The final solutions for le (total mutual admittance) and Yiz
(partial mutual admittance) are given in (4.6), (4.7), (4.12), and (4.9b).
For a given geometry of the slots and cone, the two surface integrals in
(4.73) are evaluated numerically by choosing an integration grid
roughly equal to 0.05\ x 0,05, Thus, for two typical 0.5) x 0,2X slots,
the integrals are replaced by a summation of 1600 terms. Fortunately,
the integrand is simple enough that each le calculation takes about one
second on the CDC Cyber 170 Series Computer Systems, We have analyzed a
large number of cases for le. Typical results are summarized belor.

Unless specified otherwise, all numerical computations are based on

two identical slots with
slot length = 0.5) , width = 0,2% , (5.1)

The other parameters are the half cone angle 00, the slot orientations
(wl,wz), the distances from slot centers to the cone tip (cl,cz), and
the slot angular separation ¢0 = ¢2 - ¢l (Fig. 3).

(A) "“Equivalent" cylinder. 1t has been conjectured in [16] that,

in calculating Yiz (the contribution from the direct rays) approximately,
the cone may be replaced by an "equivalent" cylinder with parameters

(Fig. 5)
- - - = X
2y = ¢ ) ¢0 = ¢0 , R = 5 (c1 + c2) sin 00 . (5.2)

This conjecture can be now quantitatively checked out., In Table I we
compare Y?z on a cone with 60 = 15° or 30° calculated from (4.7), and
le on a cylinder calculated by a similar GID solution reported in [12].
d , , _ ,
All values of le (or le) are listed in (DB = 20 loglo |Y12|, phase in

degree) format. For the cone with the smaller angle (60 = 15°), the

165
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“"equivalent" cylinder method gives a good approximation for Yg2'

is within 0.5 dB

For the

cases listed in Table I, the magnitude error of Yiz
(6 percent) and phase error within 15°, For the cone with the larger angle
(90 = 30°), however, the "equivalent" cylinder method is not very accurate
with magnitude, and phase errors as large as 2.5 dB (33 percent), and 56°,

respectively.

(B) Comparison with experiments. A set of experimental data on the

mutual coupling between two X-band open-ended waveguides (0.9" x 0.4")
on a cone was reported in [16]. As a function of frequency, measurements

were done on the coupling coefficient 812’ which 1is related to le through

the relation

Yy

819 = A — (5.3)
(Y, + Yy - ¥y,
-1.2 2,172 X
Here Yg = (120m) “[k” - (n/a)”] is the admittance of the Thl0 mode in
the feed waveguide. Yll is the self-admittance of a slot on the cone.

In the present calculations, we use, instead, the Yll on an "equivalent"
cylinder which is calculated by the exact modal solution described in [16]
(for example, Yll/Yg = 0,8178 + j0.3886 at 8.5 Gdz, and 0.8591 + jO0.3828

at 9 GHz). Since Yll is least sensitive to the geometry, the approximation
of a cone by a cylinder should not introduce any significant error in 812.
In Figs. 6 and 7, three sets of data are presented: (i) the experimental

data; (ii) the theoretical results from the present analysis in which the

calculation of Y?7 is based on a cone, e.g., Equation (4.7); (iii) the
d
1

modal solution of an "equivalent" cvlinder. Several observations can be

theoretical results from [16]) in which Y 5 is calculated from the exact

made. (a) Both theoretical results are in good agreement with the

166
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experimental data (with the present result being slightly better). As
explained in (A), the "equivalent" cylinder method works because the cone
angles (60 v 10°) are small. (b) The peaks and vallevs are caused by the
interference between YiZ and Y;z, which are of comparable magnitudes due
to the large angular separations (60.8° and 80°). (c) There exists a
slight shift in frequency (Af/f ¥ 3 percent) between the theoretical and
experimental valleys in Fig. 6. We speculate that this may be due to a

t

slight phase inaccuracy in le As a final remark, it has been found

experimentally (private communication from G. E. Stewart and K. E. Golden
of Aerospace Corporation) that the Y§2 contribution is sensitive to the
exact shape of the cone tip. When the tip is not extremely sharp, the

peaks and valleys in Figs. 6 and 7 become much less predominant.

(C) Mutual admittances of circumferential slots. In Figs. 8 to 10,

le and Yiz for two circumferential slots are displayed as functions of
angular separation ¢0 and the radial separation (c1 - cz). We note that
the effect of Y§2 can modify the curves of le in several different ways.
When the slots are at the same latitude (Fig. 8), the direct coupling is
weak., Thus, tip contribution is noticeable even at a small angular
separation. As the radial separation is increased (Fig. 9), the tip
contribution is almost negligible for ¢0 < 65°, When the two slots are
widely separat ' in the radial direction with one slot near the tip

(Fig. 10), the tip contribution gets stronger, and the direct contribution
becomes insensitive to ¢O' Hence, the oscillation on the Y 5 curve has

1
a much larger period. Ian fact, there is only a half "cycle" in the range

0 < ¢0 < 90°, and Yl’ appears to be shifted from Y?Z by a fixed amount.

R o N
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(D) Effect of slot orientation on mutual admittance. Consider two

slots separated by 1 A along the radial direction. The magnitude of le

as functions of the slot orientation angles 0y and w, is plotted in
Fig. 11. As expected, the maximum value (-73 dB) occurs when both slots

are circumferential (wl =w, = 90°). This value is above 14 dB higher than
that when both slots are radial (wl = w, = 0). The minimum value (~113 dB)
of le occurs when the top slot is radial and the bottom one is

circumferential. This result confirms a common belief that the mutual

coupling between two orthogonal slots is genmerallv negligible.
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6. DERLVATION OF THE GREEN'S FUNCTION

We will now describe briefly the derivation for the Green's function
for the general convex surface given in (2.7).
Our starting point is the corresponding Green's function for a cylinder.
For the latter problem, several versions of the asymptotic solutions
[10] - [12] exist. All the versions are of similar nature, and contain
some approximations that have not yet been fully justified. For the
cylinder problem, both [11] and [12] give excellent numerical results
(with {12] being slightly better as demonstrated in [13]). We quote
below the Green's function for a cylinder reported in [12], which again

can be written in the form of (2.7) with DF = 1 and

f 2 -
Hb = G(S)\ﬂ} - ?%) v(g) - (ﬁ:) u(€) + j (2 th) 2/3

- SO+ R/R) W) (6-12)
, , Ht = G(s)("gg)E'(g) + ( - ‘—2{-;-) u(g) + j(/2 th) u'(é;)] (6.1b)
% where

f R = R/cos2 6 = R/sin2 0

t ? Rb

; g o= ks(cos4 e/2k2R2)l/3

: R = radius of cylinder

: g =

angle between the ray and the ¢-direction.

Since 6 is a constant along a ray (geodesic), so are the three parameters

A R I

Rt' Rb’ and § appearing in (6.1). The formula (6.1) is basically derived
from Fock's classical solution for vector potentials of a sphere [14],

but contains a modification, namely, the last term in (6.1la)

N 6(s) 3GZ KRR /R w'(©) (6.2)

P was added to the Fock's solution in an arbitrary manner. Note that this 169
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additional term introduces a very small contribution for a sphere, or for

a cylinder as long as 6 is not close to /2. For 6 = /2 on

a cylinder, Hb in (6.1la) becomes (see Eq. (2.10) of [12])

~jks
_ / -j3n/4 1 e "
Hb = [Hb]pl k Ye iR = . (6.3)

Here [Hb]pl is the corresponding solution on an infinite plane and it
decays as (ks)"l Zor large ks. The second term in (6.3) comes from the
additional term in (6.2), and is the dominant contribution at large ks
because it decays as (ks)-l/z. Recently, J. Boersma (private communication)
has shown that (6.3) is in exact agreement with a rigorous asymptotic
solution for the cylinder. Thus, the additional term in (6.3) is
justified fcr 6 = 7/2 where its contribution is most significant.

Now, let us generalize (6.1) to a general convex surface sketched
in Fig. 1 following the GTD recipe [8], {9], [18]: (1) The divergence
factor in (2.5) is introduced from the consideration of energy conservation.
(1i) The generalized § in (2.3) and 1 in (2.4) are based on the rigorous
solutions of two-dimensional canonical problems. The only remaining
problem is the generalization of Rt and Rb in (6.1). We note that the
above GTD recipe is valid only if Rr and Rb are slowly varyinge along a ray.
Thus, any sort of average values of Rt and Rb sho;Hd give approximately
the same result. We choose the geometrical mean in (2.6) for its

simplicity and symmetry between the source and observation points. From

these considerations, we obtain the generalized solution (2.7) from (6.1).
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TABLE I.
Y d Y 3
12 ON CONE AND 12 ON CYLINDER
Cone Cone
= ° = °
¢0 zo/A 90 15 Cylinder 60 30

- 91,35dB - 91.47 - 90.99

30 0 155° 153° 160°

60° 0 -110.97 -111.28 -~108.78
116° 101° 151°

0 1 - 73.35 - 73.64 - 73.49
73° 73° 74°

0 4 - 83.89 - 84,30 - 84.06
77° 75° 75°

30° 1 - 86.52 - 86.59 -~ 86.60
- 74° - 76° -70°

30° 4 - 86.95 - 87.14 -~ 86.83
24° 20° 35°

60° 1 -104.64 -104.17 ~106.28
-35° ~42° ~-13°

600 4 - 94."‘1 - 96:64 - 94-12
-118° -133° -77°

*
The parameters are w; = w, = 90°, R = 2X, a = 0.5\, and b = 0.2A.
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of a cone approximatelv, the cone may be locally

equivalent" cylinder.

d
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APPENDIX A

FOCK FUNCTIONS

In this appendix we define and list some useful formulas of the functions

wl(t), wz(t), v(£), u(f), and vl(E). These functions are commonly known as
Fock functions.

(i) Definition: For a complex t and a real &,

[

Wy (t) = —};_ ) dz exp [tz - 1 z3} (A-1)

w2(t) = -:,1—-; fl‘z dz exp (tz - -:1; 23) = w;(t) (A-2)

v(E) = % AT/4g112 :}1—-; L :—EE—:—;— "8 g {A-3)
h

o(E) - ejan/aga/?._j_;r Jr :iii; I 4, (At
1

v, (&) = ej3n/4£3/2_5% Ir t :zz:; e ™18t g¢ (A-5)
1

where integration contour Fl(Fz) goes from « to 0 along the line

Arg z = -2n/3 (+21/3) and from 0 to = along the real axis,

Because of

different time conventions, w)(wz) above is equal to wz(wl) defined in [14].
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(11) Residuc series representation: For real positive &,
- 1 ~JEeg

v(e) = e IMiyg g1/2 21 thHle " (A-6)
n'
© -jgt

we) = MmN ) e (-1
n=1
© -jgt'

v = eVl gty e (A-8)
n=1

- . o _ -jEt:'
v = 2SI YT T - peededTe T e
n=1
-jJet

(@) = I 2T [-1de)e " . (A-10)

n=1

where {tn} and {t; } are zeros of wz(t) and wé(t), respectively, and they

are tabulated in [12], [14) and p. 478 of [20].

(i11) Small argument asymptotic expansion: For real positive  and £ » 0,

v(g) v 1 - ,r IT4gH2 T g3y ;{2— SInA9I2 41 x 10730 4 L.
(A-11)
u(g) v 1 - eAn/4g32 I% £+ - 5J~ 34912 5 901 x 10720 4 L.,
(A-12)
NGESEE. ,/- M43 L1 3 76'2- eI g 555 x 10728 4+ ...
(A-13)
MG PR T 8341 3412 g g x 10725 L,
(A-14)
u' () m% i em33n/4 172 _1 e alsz.g" A2y 0y 17l L

(A-15)

(iv) Humerical evaluation: For £ > &g, the residue series representation

with the first ten terms in the summation may be used. For § < EO’ the small
argument asymptotic expansion with the first five terms may be used. It has
been indicated in [11]) that the smoothest crossover is obtained if 50 = 0.6.
Tu the presenc study, we set CO = 0,7, where the difference fn the two

representations is less than 0.1% in magnitude and 0.9° in phase.
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{ APPENDIX B.

COMPUTER LISTING FOR CALCULATING MUTUAL
ADMITTANCE ON"A CONE BASED'ON RAY TECHNIQUE

-y

FROGRAM ’ '

4 SCDNE (IVPUTrTﬁPLéyUUTFUT:TAPES“lNFUT)
C
153
(W ERKKKAR KK KK KKK KKK KKK AAOK I AR KK KKK KKK IKK KKK KKK KA KK KK
G ¥
e X MUTUAL ADMITTANCE OF SLOTS ON A CONE
C x % R Y S O A S R R R R ST R A TR A R R R A R S S RS W N
¢ X
G LS
G X
G X RY! B We LEER
G * Cs Lo LAUW
G X P+ CHANG
C X -
: X
C X
C X NATE S 10/L8/,77
{. *
& *
y X UNIVERSITY OF ILLINOIS
C X
C X
e KKK K KR oK 3K KK KKK KR OK K K KK o KKK K KR KK K K AOK KKK 3 K KKK K K K
¢
G
C ‘
CEek$4 PRECISION | SINGLE
CREE#d LANGUAGE ! FORTRAN
CHEREE MACHINE $ ChC CYBRER 170 SERI[ES COMPUTER SYSTEM.

C
C

Cit464 SUBROUTINE NEEDED ! FOCK,

¢

CRUEEE INFUT FOKMAT ¢ FREE.

c
"
G
o

¥

LATEST ROVIGIN ¢ 10186777

IMPLICE  COMPLEX (CyHyZ) ¢REAL (A-BRyD-GsKs0-Y)

REAL ANGLEC(2O0)»RIL{20) $R22(20)

NIMENGTON TITLE(LII)

REAL TNCLO) » TNFIC10)

REAL W(7)

COMMON /0DATAL/ TNs> TNFTyRHOYC1yC2yF2y IOP OOy RALN Y BEG
COMMON /CF/ CVUFyCUFsCULE »CVPF,CUPY

DATA TN/72.338115,4,087,5,5.52156+6.78671v7.59417y

£ 9.02265y10.,040L7, 31,0085 119380712, 820787

LaTa TTILE/ZL3C )/
HATA TNIT/L.0187993.2482094.82010,0,146331,7,37214y

BEST AVAILABLE COPY

-

X
¥

X
X
X
X
b ¢
X
X
X
X
X
X
%

X
X
*
%
X
X

[}

~J3i
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R
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- "c‘ $ 8.4884979,53545510,52766511,47506y12:.38479/
e
15 o FI=4:%ATAN(LEO) . - A
a C 0 PIO2=3XPI 8 SQRTAEGART (24 )
llEG 1800/PI $ QLONl 0/30
e - RADN=FIZ180.. .
- o FRINT " INRUT A LINE OF MEGSAGE ABOUT THE :CURRENT JOR*
b © READ(Hy9LIITITLE
S 911 FORMAT (13010) ,
k> o PRINTy* HALF CONE ANGLE=*
- - READky THATHE
. ‘ FRINTy" ALyR1yA2yE2=",
*‘ READXy A1y R1rAR 12
e FRINTKy® W1lrU22="y
¢ READXyW11yW22
- FRINTX,»" ¥ OF PHI=
i REALX y NF
3 FRINTXy" INFUT FHI(N)y ONE ON EACH LINE"
o _ B0 913 INF=1eNF
A3 913 READXsANGLE CINF)
S FRINTXy" & OF SETS OF C*»
3 REAIKy NSC )
o3 PRINTXs* INPUT C» ONE SET ON GACH LINE*
. y DO 916 INSC=1sNSC
A 916  REAIKyR11C(INSC)»R2ZDCINSC)
i FRINTXy* INPUT THE INTEGRATION GRIDS®
L FRINTXy " WHICH ARE CORRESFONDED TO (ALsR1,A2:B2)*
@ READXy IFQy TFLy IPAyIF3
e PRINTXs* THANK YOU FOR YOUR ACCURATE INFUT!!!®
3 WRITE(&ySIS)TITLE
3 . WRITECAy111)
i 111 FORMATC" *»14Xy46(*%") 15Xy X" 544Xy *X* /¢ 15X
. $r X MUTUAL ADMITTANCE OF SLOTS ON A CONE  X°/y15Xs*X" 44Xy "%"
E $/015Xr 46" X")/177)
] WRITE(6s1111)
< 1111 FORMAT(/»20("%")/y*%*/»*% FREQUENCY ¢  K=0.,4238D0 01 <1/WAVELENGT
3 w $HE" /%" /»20("%"))
7 >
i tcceecceoeeceee
v ¢
- c
ks . TUETHA=THATHEXRAIIN
2 SN=G1INCTHETHA)
B} ATN=TANC(THE 1 HA)
L ACO=COSCTHETHA)
3 WRITE(Ay222) THATHE .
£ E 222 FORMAT(/»200%%“) /y“%*/»*%x OCEOMETRY $  HALF CONE ANGLL=*sF7.2y
b $* WDEGE*/ 2 "X /20(°%*)) ,
- 515 IDRMAT (1% 10XsBAL0/10Xy8BAL10//27)
5 Wl-W LY RADN
& W2 WRHRADN
o E 188

BEST AVAILABLE COPY
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v = L eme cmrmew e e Aa ke e S b e 3 A T R g e e g

o . WRITEC6r 333VALYEL A2y R2
c ‘ 333 FORMAT(/ 200 "%*). /o %"/ "X  SLOT DIMENSION <WAVELENGTH: §  Al=+y
S ‘ SF7, 3y SNy "BI="yFZ3v" 5 " oBXy "AR=UGF7 By 5Ky 4 BE= Ny F 243 0k
‘ : SEOCKT )Y
WRITE (6y 444YWLL 3 W22 o
444 FORMAT(/y20C*%") /9 "%"/y"% SLOT -ORIENTATION ¢  Wi="sF7.2y
: . §OCDEGHT s X1 W2 o F7i29 " ZDEGR" 2otk /y 200K
Eo  CURITE(6¥555)IPR5IF1 o ) o
‘ GGS  FORMAT (/7200 "%=3 /5 %" /9 X INTERGRQTION GRIN ¢ "yX2e* X *9l2/
ikt (,70( * )) '

T : f ‘ Aﬁsr <1, 30577 THETHA= 1.4 75542, 77 2K THETHA=1 4 AS9XTheE THAXK S
- ANGL=2, 719541+ 4608X THE THA= 14 1 29SKTHE THAXK 240+ 656 6 X THETHAX K3
P K=y ¥FI
: . : ~hn1 NV

NAZ=KKAD
KR2=RKXH2
o : E2=5QRT (D)
o - WENTHY=KE22LF1
;- : WIDTHR=KAR/TF2
WINTH3I=KR1/1F3
i WINTHA=RAL/IPA
. , XL1=~KB2/2, ~WINTHL/2
' XL””-kﬁE/E.«U?HTH”/
' XL.3==KR1/3 W INTHS/2
. Xl 4= -hAl/u‘rUIDTHd/?.
: N0 100. 1I=1yNSC
URITE (694667 ‘
666  FORMAT(///7r10Xy " $334$ TATA OUTRUT  $4$3%%)
KRL=KRI1CLID
KR2=KKR22(TT). , ,
TERHI=KALKC(KRIFRBL/2, ) Kk2~ (KR1-KB1/2,) KK2) /(2 ,xna1)
TERM2=KARX C(KR2HKB2 n.>** ~(KR2A~KR2/2 >**°>/< PKERR)
PART1=KA1XKR1KKAZKKR2KSART{ATN/ (FTORKTERMIKTERM2 ).
FART2=10 /(30 « XPIXKAXKRIKKR2KSN)
PART3=GINCKRL/2, ) kSINCKB2/24)/ (KBLKKB2744)
DOD1=ANSRKCOS (ANSL )
DOL2=ANSRKSIN(ANSL) ‘
ZYTIP=CMELX(DDDL 5 DIDIR)
$ *CEXr(GMPLxco.Eo,PIx4.~nni KR2))KPARTLXPART 2KFARTS
$ XSIN(WLIXSINCWR
THAG=CARS{ ZYTIP)
IF ¢THAB.EQ.0,960TO 37
TOR=20 XALOG1 0 (TMAG)
TEHASE=ATAN2 (ATNAG (ZYTIF) yREAL (ZYTIF))XDEG
37 CONTINUE
. 00 100 I=1sNF _
= 777 FORMAT(//y* FHI="»F7.2," <BEG> 5°s3X,*"Cl="yEL12.7," <WAVELENGTH?
2 $22Xy *C2:"yE12,75* <WAVELENGTH> ;v 3%y "SLOT DIST="y 12,7y
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! AI( 3 HI~):.LT. ORIFHT= .01
M 00@

“f
A~U0 A0 Nj=Ly IP4
‘ 'anXL4iwIﬂTH4*N1

dooo ;
2000:

Tthl mTth** +TKZL**
: ﬁ'“ﬁﬂ&( Nhr(hpi**74rhY171"“o*hﬁ \6Rh1(ThYLZI)WLU (UI"NE)J)
A 'f'la/oN*A)IN( GhT(TNYlZi)/Tle*bIN(NJ ~WE) )
‘:IIO 30 NB=LpIR2
’ThY X&’ WINTH ARNE.
50’40 N4= lvTPl
‘Tkl “XL1+UIU1H1*N4
»UéwﬁTﬁN”(Th/”!ThY
IF(U6)300074000v4000
JOOO Né»UéPFTO”
4000 ONYINUE .
ThY”/" ThY"**“+Tk/"**“
Tl\F\...
'TPHI"“PHIilo/bk*ﬁS]N(QQRT(TRY“Z")/Tkh? (&S THCWE “Ué))
-RE=SART (TRRLOKDFTRR2KX 22 K TRRIXTRR2XC0S ((TPHl““ FHILY
o *oN))
“ONFCAL‘ "IN(TKR?*SIN((TPHI”"TFHII)*aN)/h&)
‘,IF(ThP oGT TkPL** +RNGk%2) OMEGAL=PI~0MEGAL
‘OMEGﬁ”"OMIGﬁlf(TFHI9 TEHILIKEN .|
*OquTqulN(Oﬂﬂﬁﬁl)
SSIN 3IN(0HFGﬁﬂ)
iOMiFO 3=C05 COMEGAT)
‘OMuCO "COQ(OM[GAQ)
‘UﬂiﬁSﬂhﬂ“(Uﬁi%[NXOiR&lN)
QONI"P“ﬁHU(UNlLUQ*OﬁvﬂUu)
Ir(ﬂMl”C LToJ E-6)0M1 20 3 o b
IF(OMiQS.LT T, t~6)0ﬁ1”8“$;l“6
’UPFLP QQPT(ThPi*Tkh I*ATN
hhl"«UFPFR/OMI?Q
hRU”“UIPFR/UMlQF :
hﬁ ﬁﬂb(rhkl*ﬂ“lhIN* INYACOXX2/2
$ **(1 /5.)*ﬁﬂ9(1PHI3"T}”11)
TAU= ((UMiSlN*QN’QIN/ﬁ]N)**”/( o*Tth*Thh“
4 **(1./6.)*h9/hﬁ
IF(RAWLT,0:7) GO TO L
vCﬁlL fUFh(hh)
B0 TO 2
1 GALL IU ST (KA)
3 2065C0 0y 14 YRCEXP (CMFPL X0 YEOy=RE) Y7 (240  RREXPY **")
SATAU=S URT(IGU) $ TAULS=TAUKKL 5
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41

HR ?G*(CMFLX(l EOv 1./h%)*”QTAU*CUFvLUF/NQ**”KTé"l ' :
& %(0.«1.)*(1 /48 QRT"*hRF"))**ALONl*SQTAU*CUFF ’
& LSS )/(SGPTﬁ*hFr”)**APONi*hRT /hRH *TAUJ GXCUREY
HT*!C*(O;:J )/h?*(QQTAU*CUFPCMFLX(l.F0v~ ./kS)*TAUlo
$ *CUF+(O.:1 I/(SRRTR *RRT”)**ACUNL*FAUlﬁ - ‘ B 3
$  XCURF) Lt
W3= 0MEGA1~TPHII*»N+PI/ ~W1 ) . o 1.
W4= OMEQAS~<TF‘HI”~PHl»>>k NH*I/ W2 ;
&GREEN 60 (WIIXCNS (N4)*Hﬁ¥“IN(w3)*SIN(N4)*HT ’
ZQUM=Z”UM%CO%(PI/RAJ*ThYl)*UOB(Pl/hA *ThY )*ZGRLEN .
40" -CONTINYE o S
30- CONTINUE L

.
Rioeiee

20 CONTINUE ]
10 CONTINUE :
ZYA2U=ZEUHKMID THLXWIDTHAXWINTHIKWILTHA i
: ) 4 K(=2y )/ SART (KATKKBLIKKA2KKER) i
3 ‘ XMAG=CABS(ZY120). , o 1
- ' FHASE=ATANZ (AIMAG (ZY1201) »REAL (ZY120)) KDEG. E §
3 DB=20XALOGLO(XMAG). o / ‘ ‘ :
A TIST=RKSART (RILCITIKKBHR2D (TI0KKR-2KRL CTT KRR (X1 o g
- $XC0S (PHIKENI), !
| SNIST=DIST/K o ;
R WRITE(62727 ) ANGLE (1) yRIL(IL Y hRR2(TT) »SDIST ;
c 'ZZZZFE;Y1°H*LF§E(CMFLX(O EODIST)) N
\ } ' PHASEN=ATAN2 (AIMAG(ZZZZF) yREAL(ZZZZF)) ;o
F& { : PHASEN=FHASENXDEG v
KA iURITE(égBBB)XMAGyPHQSthBvFHA {o
; * BEG FORMAT(2X5-"V12D="yE13, 44" {ﬁHo}-yr7. SDEGHG S 5HXs Dl YaEL2, 5y fod

- 1 3 NORM PHASE= Y,F7.2¢ * \HEG 7

& ) WRITE(6»9?99) THAG » TFHASE v DR
y 999  FORMAT(ZXy"Y12TS*vEL3 40" <MHOZ*hF7.2y " LNEGHS " »5X e IRz 4 ELRS/) , ;
2 ZY12=7Y1 204 ZYTIP R
4 Xnarncnns</v1 ;
. FHASE=ATANS (aIHAG(ZYIO)rREAL(&Yi“))*HLG . . E ‘
3 IB=20; XALDG10 (XMAG) i
3 ZZZZR=ZY12XCEXP (CMPLX{0.EQyDISTY) 3 ,
F i 'PHASEN=ATAN2 (AIMAG(ZZZZF ) 1REAL (ZZZZF) ). ' ;
‘ PHASEN=FHASENXUEG : :
, WRITE( 6y RO? ) XHAG y NHA%E;DB,PHASEN o ‘ o R :
889 T ORMAT(2Xs*Y12 =*yE13,4,* <MHO>"»F7425 * <OEGH}*»5Xs *IB= Y4E12,5, ' 3
1 v NORM: PHASE= *yF7.2s ¢ «DEG»Y/Y ;
g 100 CONTINUE :
i3 WRITE(451919)NDIL,IDD2 S y
1 1919  FORMAT(5X»//7/5Xr REAL=" 96102+ * IHAG="»510.2). :
3 STOP :
. ‘END :
2 j
' v
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THIS. SUBROUTINE I8 uséh~fo~éaLCULArE THE EUNCTIONS CVFsCUF iCULF » CURFy CURE

‘"UHROU?INF roc*”xr

rLOMMON/LF/LUFvCU ‘CV1FvCVFFvLUPF

LUI

fFOMMﬁN/HAIOi/TNvTNFIoﬁHDrCIvCQrF 2y I0F» CC 7 RADN DEG

UPE=0y
o 20 N 1510

ZTNSTN(NI¥C1,

ZINFI=TNPL(N) *C1

EXI (CHRLXC0 w0+ =X IXZTNFT)

FXP(&MPLX(O +.0p =X KZTNY:
CYFHC3/ZTNFT

run-uur+u4

CULF=CULFHCS

CUPF= (T, 0= CHFLX(0,032 *X)*lTNPI)*C3/7TNFI+LUPP
CURPE=(140= =OMPEX (07052 o*X/3 )*ZTN)*C4+LUPF

,CONTINUE

LUF F2XF LKCUF/C2

:FUF“” KFAKFIKC2KCUE
,PUIF~ao*F°*F3*C°*CU1F

CUFF FQ*LUPF/( JKF1%C2)
‘3.*F°*II*L°*CUFF
RFnUhN

ENTRY. FOCK

XTHREEs X kS

~P1 aﬂhT(X)
F 3= KTHhEE

Z1= PH&LQ* SART(F3)

Z2=CMPLY (040915 O/60.)*XTHRE&
ZJ“F"*X**4.J/(P“*64 )

Fa=F3x%2

LUF”1 0=21/4 +7¥Z247 ., *Z3/8 =44 141E~3KF4
CUF=1,0=Z1/2 425 K232 }a.*23 343 701E-2¥F 4

WPVIF 1. 0+Zi/~.~35.*43~/ *Zleo“”Jt—“*F4

1

(VP&w.E/ukr MF?/CC,”l *7"/X{63 XZ3/ (14 KX) = QUE=2%F4/X
CUPFz=, 78 *fiAFQ/CLlCHPLX(O 0:1.’5*X**°)+“~05*15/X
~2 ARLE=1RFA/X
RETURN
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